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Université de Paris VI

Joseph Oesterlé
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Introduction

In this work, we will deal with standard determinantal ideals, determinantal ideals,
and symmetric determinantal ideals, i.e., ideals generated by the maximal minors
of a homogeneous polynomial matrix, by the minors (not necessarily maximal) of a
homogeneous polynomial matrix, and by the minors of a homogeneous symmetric
polynomial matrix, respectively. Some classical ideals that can be constructed in
this way are the homogeneous ideal of Segre varieties, the homogeneous ideal of
rational normal scrolls, and the homogeneous ideal of Veronese varieties.

Standard determinantal ideals, determinantal ideals, and symmetric determi-
nantal ideals have been a central topic in both commutative algebra and algebraic
geometry and they also have numerous connections with invariant theory, repre-
sentation theory and combinatorics. Due to their important role, their study has
attracted many researchers and has received considerable attention in the litera-
ture. Some of the most remarkable results are due to J.A. Eagon and M. Hochster
[20] and to J.A. Eagon and D.G. Northcott [21]. J.A. Eagon and M. Hochster
proved that generic determinantal ideals are Cohen–Macaulay while the Cohen–
Macaulayness of symmetric determinantal ideals was proved by R. Kutz in [62,
Theorem 1]. J.A. Eagon and D.G. Northcott constructed a finite free resolution
for any standard determinantal ideal and as a corollary they got that standard
determinantal ideals are Cohen–Macaulay. In [85], B. Sturmfels uses the Knuth–
Robinson–Schensted (KRS) correspondence for the computation of Gröbner bases
of determinantal ideals. The application of the KRS correspondence to determi-
nantal ideals has also been investigated by S.S. Abhyankar and D.V. Kulkarni
in [1] and [2]. Furthermore, variants of the KRS correspondence can be used to
study symmetric determinantal ideals (see [17]) or ideals generated by Pfaffians of
skew symmetric matrices (see [47], [5], and [18]). Many other authors have made
important contributions to the study of standard determinantal ideals, determi-
nantal ideals, and symmetric determinantal ideals without even being mentioned
here and we apologize to those whose work we may have failed to cite properly.

In this book, we will mainly restrict our attention to standard determinantal
ideals and we will attempt to address the following three crucial problems.

(1) CI-liaison class and G-liaison class of standard determinantal ideals, deter-
minantal ideals, and symmetric determinantal ideals.
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(2) The multiplicity conjecture for standard determinantal ideals, determinantal
ideals, and symmetric determinantal ideals.

(3) Unobstructedness and dimension of families of standard determinantal
schemes, determinantal schemes, and symmetric determinantal schemes.

Given the extensiveness of the subject, it is not possible to go into great
detail in every proof. Still, it is hoped that the material that we choose will be
beneficial and illuminating for the reader. The reader can refer [10], [54], [56], [59],
[60], [70], [9], and [22] for background, history, and a list of important papers.

Let us now briefly describe the contents of each single chapter of this book.
We start out in Chapter 1 by fixing notation and providing the basic concepts in the
field. Minimal free resolutions, arithmetically Cohen–Macaulay (ACM) schemes,
and arithmetically Gorenstein (AG) schemes are the topics of Section 1.1. In Sec-
tion 1.2, we recall the definition and basic facts on standard determinantal ideals,
determinantal ideals and symmetric determinantal ideals, we also provide the re-
sults on good and standard determinantal schemes X ⊂ Pn and the associated
complexes, used later on. In particular, we recall the definition of generalized
Koszul complexes which provide minimal free R-resolutions of the homogeneous
ideal I(X) of X and of the canonical module KX of X . Section 1.3 is devoted
to the definition of CI-liaison and G-liaison and to overview the known results
on liaison theory needed later on. In particular, we present G-liaison theory as a
theory of divisors on arithmetically Cohen–Macaulay schemes which collapses to
the setting of CI-liaison theory as a theory of generalized divisors on a complete
intersection scheme. In order for meaningful applications of G-liaison to be found,
we need useful constructions of Gorenstein ideals. We end this chapter describing
the method that has been used either directly or at least indirectly in most of
the results about G-liaison discovered in the last years (see Theorems 1.3.11 and
1.3.12).

Chapter 2 is devoted to study the CI-liaison class and G-liaison class of stan-
dard determinantal ideals. Liaison theory has its roots dating more than a century
ago although the greatest activity has been in the last 30 years, beginning with
the work of C. Peskine and L. Szpiro [75], where they established liaison theory
as a modern discipline and they gave a rigorous proof of Gaeta’s theorem. The
goal of Section 2.1 is to sketch a proof of Gaeta’s theorem: every arithmetically
Cohen–Macaulay codimension 2 subscheme X of Pn can be CI-linked in a finite
number of steps to a complete intersection subscheme; i.e., X is licci. Since it is well
known for subschemes of codimension 2 of Pn that arithmetically Cohen–Macaulay
subschemes are standard determinantal (Hilbert–Burch theorem) and that arith-
metically Gorenstein subschemes are complete intersections, Gaeta’s theorem can
be viewed as a first result about the CI-liaison and G-liaison of standard deter-
minantal schemes. In Section 2.2, we prove that in the CI-liaison context Gaeta’s
theorem does not generalize well to subschemes X ⊂ Pn of higher codimension.
More precisely, we introduce some graded modules which are CI-liaison invari-
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ants and we use them to prove the existence of infinitely many different CI-liaison
classes containing standard determinantal curves C ⊂ P4 (see Remark 2.2.14).
The purpose of Section 2.3 is to extend Gaeta’s theorem, viewed as a statement
on standard determinantal subschemes of codimension 2, to arbitrary codimension
and to prove that any standard determinantal subscheme X of Pn can be G-linked
in a finite number of steps to a complete intersection subscheme; i.e., X is glicci.

In Chapter 3, we study the relation between the graded Betti numbers of
a homogeneous standard determinantal ideal I ⊂ R = K[x1, . . . , xn] and the
multiplicity of I, e(R/I). The motivation for comparing the multiplicity of a graded
R-module M to products of the shifts in a graded minimal free R-resolution of M
comes from a paper of C. Huneke and M. Miller [51]. They focused on homogeneous
Cohen–Macaulay ideals I ⊂ R of codimension c with a pure resolution,

0 −→ ⊕R(−dc)ac −→ · · · −→ R(−d1)a1 −→ R −→ R/I −→ 0,

and they proved for such ideals the following beautiful formula for the multiplicity
of R/I:

e(R/I) =
∏c

i=1 di

c!
.

Since then there has been a considerable effort to bound the multiplicity of a
homogeneous Cohen–Macaulay ideal I ⊂ R in terms of the shifts in its graded
minimal free R-resolution; and J. Herzog, C. Huneke, and H. Srinivasan have made
the following conjecture (multiplicity conjecture) which relates the multiplicity
e(R/I) to the maximum and the minimum degree shifts in the graded minimal
free R-resolution of R/I.

Conjecture 0.0.1. Let I ⊂ R be a graded Cohen–Macaulay ideal of codimension c.
We consider the minimal graded free R-resolution of R/I:

0 −→ ⊕j∈ZR(−j)βp,j(R/I) −→ · · · −→ ⊕j∈ZR(−j)β1,j(R/I) −→ R −→ R/I −→ 0.

Set
mi(I) := min{j ∈ Z | βi,j(R/I) �= 0}

and
Mi(I) = max{j ∈ Z | βi,j(R/I) �= 0}.

Then, we have ∏c
i=1 mi

c!
≤ e(R/I) ≤

∏c
i=1 Mi

c!
.

There is a growing body of the literature proving special cases of Conjecture
0.0.1. For example, it holds for complete intersection ideals [46], powers of complete
intersection ideals [37], perfect ideals with a pure resolution (i.e., mi = Mi) [51],
perfect ideals with a quasi-pure resolution (i.e., mi ≥ Mi−1) [46], perfect ideals
of codimension 2 [46], and Gorenstein ideals of codimension 3 [67]. We devote
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Chapter 3 to prove that Conjecture 0.0.1 works for standard determinantal ideals
of arbitrary codimension (see Theorem 3.2.6). We end Chapter 3, proving that the
ith total Betti number βi(R/I) of a standard determinantal ideal I can be bounded
above by a function of the maximal shifts Mi(I) in the minimal graded free R-
resolution of R/I as well as bounded below by a function of both the maximal
shifts Mi(I) and the minimal shifts mi(I).

Hilbert schemes are not just sets of objects; they are endowed with a scheme
structure far of being well understood. In Chapter 4, we consider some aspects
related to families of standard determinantal schemes; more precisely, we address
the problem of determining the unobstructedness and the dimension of families of
standard (resp., good) determinantal schemes X ⊂ Pn+c of codimension c. The
first important contribution to this problem is due to G. Ellinsgrud [25]; in 1975,
he proved that every arithmetically Cohen–Macaulay, codimension 2 closed sub-
scheme X of Pn+2 is unobstructed (i.e., the corresponding point in the Hilbert
scheme Hilbp(t)(Pn+2) is smooth) provided n ≥ 1, and he also computed the di-
mension of the Hilbert scheme Hilbp(t)(Pn+2) at [X ]. Recall also that the homoge-
neous ideal of an arithmetically Cohen–Macaulay, codimension 2 closed subscheme
X of Pn+2 is given by the maximal minors of a t × (t + 1) homogeneous matrix,
the Hilbert–Burch matrix; i.e., X is standard determinantal. The purpose of this
chapter is to extend Ellingsrud’s theorem, viewed as a statement on standard de-
terminantal schemes of codimension 2, to arbitrary codimension. We also address
the problem whether the closure of the locus of standard determinantal schemes
in Pn+c is an irreducible component of Hilbp(t)(Pn+c), and when Hilbp(t)(Pn+c) is
generically smooth along the determinantal locus (see Corollaries 4.2.37, 4.2.41,
4.2.43, and 4.2.44).

Given integers b1, . . . , bt and a0, a1, . . . , at+c−2, we denote by

W (b; a) ⊂ Hilbp(t)(Pn+c)

the locus of good determinantal schemes X ⊂ Pn+c of codimension c ≥ 2 defined
by the maximal minors of a homogeneous matrix A = (fji)

i=1,...,t
j=0,...,t+c−2, where

fji ∈ K[x0, x1, . . . , xn+c] is a homogeneous polynomial of degree aj −bi. In Section
4.2, using induction on c by successively deleting columns of the largest possible
degree and using repeatedly the Eagon–Northcott complexes and the Buchsbaum–
Rim complexes associated with a standard determinantal scheme, we state an up-
per bound for the dimension of W (b; a) in terms of b1, . . . , bt and a0, a1, . . . , at+c−2

(cf. Theorem 4.2.7 and Proposition 4.2.15). Using again induction on the codimen-
sion and the theory of Hilbert flag schemes, we analyze when the upper bound of
dimW (b; a), given in Theorem 4.2.7 and Proposition 4.2.15, is indeed the dimen-
sion of the determinantal locus. It turns out that the upper bound of dimW (b; a),
given in Theorem 4.2.7, is sharp in a number of instances. More precisely, for 2 ≤
c ≤ 3, this is known (see [56], [25]), for 4 ≤ c ≤ 5, it is a consequence of one of the
main theorems of this section (see Corollaries 4.2.26 and 4.2.30), while for c ≥ 6, we
get the expected dimension formula for W (b; a) under more restrictive numerical
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assumptions (see Corollary 4.2.31). Finally, we study when the closure of W (b; a) is
an irreducible component of Hilbp(t)(Pn+c) and when Hilbp(t)(Pn+c) is generically
smooth along W (b; a). In Theorem 4.2.35, we show that the closure of W (b; a)
is a generically smooth irreducible component provided the zero-degree pieces of
certain Ext1-groups vanish. The conditions of Theorem 4.2.35 can be shown to be
satisfied in a wide number of cases which we make explicit. In particular, we show
that the mentioned Ext1-groups vanish if 3 ≤ c ≤ 4 (Corollary 4.2.37). Similarly,
in Corollaries 4.2.41, 4.2.43, and 4.2.44 and as a consequence of Theorem 4.2.35,
we prove that under certain numerical assumptions the closure of W (b; a) is indeed
a generically smooth, irreducible component of Hilbp(t)(Pn+c) of the expected di-
mension. In Examples 4.2.40 and 4.2.42, we show that this is not always the case,
although the examples created are somewhat special because all the entries of the
associated matrix are linear entries. We end Chapter 4 with two conjectures raised
by these results and proved in many cases (see Conjectures 4.2.47 and 4.2.48).

Throughout this book, we have mentioned various open problems. Some of
them and further problems related to determinantal ideals and symmetric deter-
minantal ideals are collected in the last chapter of the book. In fact, in Chapter 5
we address for determinantal ideals and symmetric determinantal ideals the prob-
lems addressed in the previous chapters for standard determinantal ideals; namely,
the G-liaison class, the multiplicity conjecture, and the unobstructedness of de-
terminantal ideals and symmetric determinantal ideals. We collect what is known,
some open problems that naturally arise in this general setup, and we add some
conjectures raised in the work.

More precisely, in Section 5.1, we determine the G-liaison class of symmetric
determinantal subschemes (see Proposition 5.1.11 and Theorem 5.1.12) and we
also sketch the proof of Gorla’s theorem: Any determinantal subscheme is glicci
(see Theorem 5.1.4). We devote Section 5.2 to prove the multiplicity conjecture
for symmetric determinantal ideals of codimension

(
m−t+2

2

)
defined by the t × t

minors of an m×m homogeneous symmetric matrix for any t = 1, m− 1, and m,
and we left open the cases 2 ≤ t ≤ m − 2. In Section 5.2, we also show that the
ith total Betti number βi(R/I) of a symmetric determinantal ideal, defined by the
submaximal minors of a homogeneous symmetric matrix, is bounded above by a
function of the maximal shifts Mi(I) in the minimal graded free R-resolution of
R/I as well as bounded below by a function of both the maximal Mi(I) and the
minimal shifts mi(I). In the last section of this work, we write down a lower bound
for dim[X] Hilbp(t)(Pn), where X ⊂ Pn is a symmetric determinantal subscheme of
codimension 3 defined by the submaximal minors of an m×m homogeneous sym-
metric matrix (see Theorem 5.3.5), and we analyze when the mentioned bound is
sharp. This last result is a nice contribution to the classification problem of codi-
mension r Cohen–Macaulay quotients of the polynomial ring K[x0, x1, . . . , xn].
There is, in our opinion, little hope of solving the above classification problem
in full generality and for arbitrary codimension, and in this last section we have
restricted our attention to codimension 3 arithmetically Cohen–Macaulay sub-
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schemes X ⊂ Pn with homogeneous ideal generated by the submaximal minors of
an m × m homogeneous symmetric matrix.

We have tried hard to keep the text as self-contained as possible. The basics of
algebraic geometry supplied by Hartshorne’s book [39] suffices as a foundation for
this text. Some familiarity with commutative algebra, as developed in Matsumura’s
book [64] and Bruns–Herzog’s book [9], is helpful and the rudiments on Ext and
Tor contained in every introduction to homological algebra will be used freely.

Acknowledgments. This book grew out of a series of lectures that the author
will deliver at a winter school at the Indian Institute of Technology, Mumbai,
January 2008 (see [70]). The author is grateful to the main organizers of this
School/Conference, Luchezar Avramov, Maria Evelina Rossi, Marc Chardin, Tony
Joseph Puthenpurakal, and Jugal Verma for giving her the opportunity to speak
about one of her favorite subjects, determinantal ideals.

The author is also grateful to Joan Elias, Laura Costa, and José M. Giral.
They read parts of earlier versions of this text and pointed out many things that
needed fixing.

The author is greatly indebted to her coauthors of [56] for the enjoyable
collaboration which led to most of the material described in Chapter 2 of this
work: they are Jan O. Kleppe, Juan C. Migliore, Uwe Nagel, and Chris Peterson.
Last but not least, the author thanks Jan O. Kleppe as parts of Chapters 4 and 5
grew out of a long time cooperation.



Chapter 1

Background

Throughout this book, Pn will be the n-dimensional projective space over an
algebraically closed field K of characteristic zero, R = K[x0, x1, . . . , xn] and
m = (x0, x1, . . . , xn) its homogeneous maximal ideal. If M is a graded R-module,
we distinguish two types of duals of M : the R-dual M∗ := HomR (M, R) and the
K-dual M∨ := HomK (M, K). A scheme V ⊂ Pn will mean an equidimensional
locally Cohen–Macaulay closed subscheme of Pn. For a subscheme V of Pn we de-
note by IV its ideal sheaf, I(V ) = H0∗ (IV ) :=

⊕
t∈Z

H0(Pn, IV (t)) its saturated
homogeneous ideal (unless V = ∅, in which case we let I(V ) = m), A(V ) = R/I(V )
the homogeneous coordinate ring, and NV = Hom(IV ,OV ) the normal sheaf of V .

As we pointed out in the introduction, the main purpose of this first chapter
is to give some of the definitions and the necessary background for the material in
the subsequent chapters. The topics of Section 1.1 are, minimal free resolutions,
arithmetically Cohen–Macaulay schemes, and arithmetically Gorenstein schemes.
In Section 1.2, we provide the basic facts on determinantal ideals and symmetric
determinantal ideals as well as the associated complexes. Finally, in Section 1.3,
we overview the known results on liaison theory needed in the sequel.

1.1 Minimal free resolutions, ACM schemes,

and AG schemes

Minimal free resolutions

Let R = K[x0, . . . , xn] be the polynomial ring. By our standard conventions, a
homomorphism ϕ : M −→ N of graded R-modules is graded of degree zero, i.e.,
ϕ([M ]j) ⊂ [N ]j for all j ∈ Z.
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Definition 1.1.1. Let M be a graded R-module. Then N �= 0 is said to be a k-syzygy
of M (as R-module) if there is an exact sequence of graded R-modules

0 −→ N −→ Fk
ϕk−→Fk−1 −→ · · · −→ F1

ϕ1−→M −→ 0, (1.1)

where the modules Fi are free R-modules. A module is called a k-syzygy if it is a
k-syzygy of some module.

Note that a (k + 1)-syzygy is also a k-syzygy. Moreover, every k-syzygy N is
a maximal R-module, i.e., dimN = dim R.

If M is a finitely generated graded R-module, let depthJ M denote the length
of a maximal M -sequence in a homogeneous ideal J ⊂ R and let depthM =
depthm M . Let Hi

J(−) be the ith right derived functor of the functor ΓJ(−) of
sections with support in Spec(R/J) defined by

ΓJ(M) := {m ∈ M | SuppRm ⊂ V (J)}.

We define the ith local cohomology functor Hi
m(−) as the ith right derived functor

of the left exact functor H0
m(−) defined by

H0
m(M) := {m ∈ M | mk·m = 0 for some k ∈ N}.

The Krull dimension and the depth of a finitely generated graded R-module
M are cohomologically characterized by

dimM = max{i | Hi
m(M) �= 0}, (1.2)

depthM = min{i | Hi
m(M) �= 0}. (1.3)

Cutting the long exact sequence (1.1) into short exact sequences, we easily obtain
the following Lemma.

Lemma 1.1.2. If N is a k-syzygy of an R-module M , then

Hi
m(N) ∼= Hi−k

m (M) for all i < dimR.

It follows that the depth of a k-syzygy is al least k.

Now we relate the local cohomology with the sheaf cohomology. Let F be a
sheaf of modules over X = Proj(A) where A is a graded K-algebra. Its cohomology
modules are denoted by

Hi
∗(X,F) = ⊕j∈ZHi(X,F(j)).

There are two functors relating graded A-modules M and sheaves of modules over
X : the sheafification functor which associates with each graded A-module M the
sheaf M̃ . This functor is exact. In the opposite direction, there is the “twisted
global sections” functor which associates with each sheaf of modules F over X the
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graded A-module H0∗ (X,F). This functor is only left exact. If F is a quasi-coherent

sheaf, then the sheaf ˜H0∗ (X,F) is canonically isomorphic to F . However, if M is a
graded A-module, then the module H0∗ (X, M̃) is not isomorphic to M in general.
Thus these two functors do not establish an equivalence of categories between
the category of graded A-modules and the category of quasi-coherent sheaves of
modules over X . However, there is the following comparison result (cf. [84]).

Proposition 1.1.3. Let M be a graded A-module. Then there is an exact sequence

0 −→ H0
m(M) −→ M −→ H0

∗ (X, M̃) −→ H1
m(M) −→ 0

and, for all i ≥ 1, there are isomorphisms

Hi+1
m (M) ∼= Hi

∗(X, M̃).

Corollary 1.1.4. Let X ⊂ Pn = Proj(R) be a closed subscheme of dimension
d ≤ n − 1. Then there are graded isomorphisms

Hi
∗(P

n, IX) ∼= Hi
m(R/I(X)) for all i = 1, . . . , d + 1.

Proof. Since Hi
m(R) = 0 if i ≤ n, the cohomology sequence of

0 −→ I(X) −→ R −→ R/I(X) −→ 0,

together with the last proposition, gives us

Hi
m(R/I(X)) ∼= Hi+1

m (I(X)) ∼= Hi
∗(P

n, IX) for all i < n. �

Definition 1.1.5. Let ϕ : F −→ M be a morphism of R-modules where F is free.
Then ϕ is said to be a minimal homomorphism if ϕ ⊗ idR/m : F/mF −→ M/mM
is the zero map in case M is free and an isomorphism in case ϕ is surjective.

In the situation of the definition above, N is said to be a minimal k-syzygy of
M if the morphisms ϕi, i = 1, . . . , k, of the resolution (1.1) are minimal morphisms.
If, in addition, N is a free R-module, then the exact sequence (1.1) is called a
minimal free resolution of M .

Nakayama’s lemma implies easily that minimal k-syzygies of M are unique
up to isomorphism and that the minimal free resolution of M is unique up to
isomorphism of complexes.

Remark 1.1.6. Let

0 −→ Fs
ϕs−→Fs−1 −→ · · · −→ F1

ϕ1−→F0 −→ M −→ 0

be a free R-resolution of M . Then it is minimal if and only if (after choosing
bases for F0, . . . , Fs) the matrices representing ϕ1, . . . , ϕs have all the entries in
the maximal ideal m of R.
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Definition 1.1.7. Let M be a graded R-module. M is said to be of finite projective
dimension if there is a free R-resolution of M ,

0 −→ Fs
ϕs−→Fs−1 −→ · · · −→ F1

ϕ1−→F0 −→ M −→ 0.

The minimum of the length s of such free resolution is called the projective dimen-
sion of M and it is denoted by pd(M).

Let M be a finitely generated graded R-module, the Hilbert syzygy theorem
says that the projective dimension of M , pd(M), is less than or equal to n + 1. In
fact, we have the following.

Theorem 1.1.8 (Hilbert syzygy theorem). Let M be a finitely generated graded
R-module and let

0 −→ E −→ ⊕1≤j≤anR(−dn,j) −→ · · · −→ ⊕1≤j≤a1R(−d1,j)
−→ ⊕1≤j≤a0R(−d0,j) −→ M −→ 0

be an exact sequence. Then there exist integers an+1 and dn+1,j with 1 ≤ j ≤ an+1

such that E = ⊕1≤j≤an+1R(−dn+1,j), i.e., pd(M) ≤ n + 1.

Proof. We proceed by induction on the number n + 1 of variables. If n + 1 = 0,
then R = K and M is a K-vector space of finite dimension. Fix (e1, . . . , em) a
homogeneous basis of M and di = deg(ei). So, the morphism∑

1≤j≤m

fi : ⊕1≤j≤mK(−di) −→ M

defined by fi(1) = ei is an isomorphism of graded K-modules.
Assume n + 1 > 0. Set N = Ker(⊕1≤j≤a0R(−d0,j) −→ M) and consider the

following commutative diagram, with exact rows and columns:

0 0 0 0
↓ ↓ ↓ ↓

0 −→ E(−1) −→ ⊕an
j=1R(−dn,j − 1) → · · · → ⊕a1

j=1R(−d1,j − 1) → N(−1) → 0

↓ ↓ ↓ ↓
0 −→ E −→ ⊕an

j=1R(−dn,j) → · · · → ⊕a1
j=1R(−d1,j) → N → 0

↓ ↓ ↓ ↓
0 −→ E/xnE −→ ⊕an

j=1R′(−dn,j) → · · · → ⊕a1
j=1R′(−d1,j) → N/xnN → 0

↓ ↓ ↓ ↓
0 0 0 0

where R′ = R/xnR ∼= K[x0, x1, . . . , xn−1].
By hypothesis of induction, there exist integers m and �i, 1 ≤ i ≤ m, such

that E/xnE ∼= ⊕1≤i≤mR′(−�i). Let us check that E ∼= ⊕1≤i≤mR(−�i). To this
end, we choose homogeneous elements z1, z2, . . . , zm ∈ E of degree deg(zi) =
�i such that z1, z2, . . . , zm is a basis of E/xnE. We denote by E′ the graded
submodule of E generated by z1, z2, . . . , zm. We have E = E′ +xnE and applying
Nakayama’s lemma, we conclude that E = E′. It remains to see that there are no
nontrivial relations among z1, z2, . . . , zm.
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Let α1z1 + α2z2 + · · · + αmzm = 0 be a homogeneous nontrivial relation of
minimal degree. Since α1z1 + α2z2 + · · · + αmzm = 0, we have αi ∈ xnR for all
1 ≤ i ≤ m. Thus, αi = xnβi and xn(β1z1 + β2z2 + · · · + βmzm) = 0. But xn

is a non-zero divisor of E and we conclude that β1z1 + β2z2 + · · · + βmzm = 0
which contradicts the fact that α1z1 + α2z2 + · · · + αmzm = 0 is a relation of
minimal degree unless βi = 0 and αi = 0 for all 1 ≤ i ≤ m. We have proved that
(z1, . . . , zm) is a basis of E and hence E ∼= ⊕1≤i≤mR(−�i), which proves what we
want. �

Remark 1.1.9. The bound given in Theorem 1.1.8 is sharp. More precisely, set
R = K[x0, . . . , xn]. For any integer i, 0 ≤ i ≤ n+1, there exists a finitely generated
graded R-module M such that pd(M) = i. Indeed, if i = 0 we take M = R and if
1 ≤ i ≤ n + 1 we take M = (x0, . . . , xi−1).

Definition 1.1.10. Let M be a graded R-module. If

0 −→ ⊕j∈ZR(−j)βp,j(M) −→ · · · −→ ⊕j∈ZR(−j)β1,j(M)

−→ ⊕j∈ZR(−j)β0,j(M) −→ M −→ 0

is a minimal graded free R-resolution of M , the integer βi,j(M)=dimTorR
i (M,K)j

is called the (i, j)th graded Betti number of M and the integer βi :=
∑

j∈Z
βi,j(M)

is called the ith total Betti number of M .

As we will see in this book, many important numerical invariants of a homo-
geneous ideal I ⊂ R and the associated scheme X = Proj(R/I) can be read off
from the minimal graded free R-resolution of R/I. For instance, the Castelnuovo–
Mumford regularity, the Hilbert polynomial, and hence the multiplicity e(R/I) of
I, can be written down in terms of the shifts j such that βi,j(R/I) �= 0 for some
i, 1 ≤ i ≤ n + 1.

We briefly recall the definition of Castelnuovo–Mumford regularity of a
graded R-module which is an important measure of how complicated the mod-
ule is.

Definition 1.1.11. Let M be a graded R-module and let

0 −→ ⊕rp

j=1R(−ap,j) −→ ⊕rp−1
j=1 R(−ap−1,j) · · · −→ ⊕r1

j=1R(−a1,j)

−→ ⊕r0
j=0R(−a0,j) −→ M −→ 0

be its minimal free R-resolution. Then its Castelnuovo–Mumford regularity is the
number

reg(M) := max
i,j

(ai,j − i).

If X ⊂ Pn is a subscheme, we define the Castelnuovo–Mumford regularity of
X as the Castelnuovo–Mumford regularity of its homogeneous ideal I(X).
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We have the following important characterization of the regularity:

reg(M) = max
i∈Z

{i + a(Hi
m(M))},

where for any nonzero finitely generated graded R-module, we set

a(N) = sup{t ∈ Z | Nt �= 0}.

If N = 0, we set a(N) = −∞. In particular, if M is a nonzero graded R-module
of finite length, then

reg(M) = max{d | Md �= 0}.
Let I ⊂ R be a homogeneous ideal. The Castelnuovo–Mumford regularity

of R/I contains quite a lot of geometric information as we will illustrate in the
following example.

Example 1.1.12. Let I ⊂ R = K[x0, x1, x2] be the homogeneous ideal of 3 collinear
points in the plane P2 and let J ⊂ R be the homogeneous ideal of 3 noncollinear
points. The minimal free R-resolutions of R/I and R/J are of the following types:

0 −→ R(−4) −→ R(−1) ⊕ R(−3) −→ R −→ R/I −→ 0

and
0 −→ R(−3)2 −→ R(−2)3 −→ R −→ R/J −→ 0.

Therefore, reg(R/J) = 1 and reg(R/I) = 2. Hence, the Castelnuovo–Mumford
regularity tells us exactly whether or not 3 points are collinear.

Arithmetically Cohen–Macaulay schemes

We now recall the definition of Cohen–Macaulay module and that of arithmetically
Cohen–Macaulay subscheme of Pn.

Definition 1.1.13. A finitely generated R-module M is said to be a Cohen–Mac-
aulay module if depthM = dim M or M = 0.

The following corollary immediately follows from (1.2) and (1.3).

Corollary 1.1.14. A finitely generated R-module M is Cohen–Macaulay if and only
if Hi

m(M) = 0 for all i �= dimM .

Definition 1.1.15. A subscheme X ⊂ Pn is said to be arithmetically Cohen–
Macaulay (briefly, ACM) if its homogeneous coordinate ring R/I(X) is a Cohen–
Macaulay ring; i.e., depth(R/I(X)) = dim(R/I(X)).

Thanks to the graded version of the Auslander–Buchsbaum formula (for any
finitely generated R-module M),

pd(M) = n + 1 − depth(M),
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we deduce that a subscheme X ⊂ Pn is ACM if and only if the projective dimension
of R/I(X) is equal to the codimension of X ; i.e.,

pd(R/I(X)) = codimX. (1.4)

Hence, if X ⊂ Pn is a codimension c ACM subscheme, a graded minimal free
R-resolution of I(X) is of the form

0 −→ Fc
ϕc−→Fc−1

ϕc−→· · · ϕ2−→F1
ϕ1−→I(X) −→ 0,

where Fi = ⊕j∈ZR(−j)βi,j , i = 1, . . . , c (in this setting, minimal means that
im ϕi ⊂ mFi−1).

Definition 1.1.16. If X ⊂ Pn is an ACM subscheme, then the rank of the last free
R-module in a minimal free R-resolution of I(X) (or, equivalently of R/I(X)) is
called the Cohen–Macaulay type of X .

It is easy to check that if X ⊂ Pn is an ACM subscheme of dimension ≥ 1
and F is a general polynomial of degree d cutting out on X a scheme Y ⊂ X ⊂ Pn,
then Y is also ACM and the Cohen–Macaulay type of Y is the same as that of X .

Definition 1.1.17. Given a closed subscheme X ⊂ Pn of dimension d ≥ 1, we define
the deficiency modules of X , M i(X), i = 1, . . . , d, as the ith cohomology module
of the ideal sheaf of X ,

M i(X) = Hi
∗IX = ⊕tH

i(Pn, IX(t)) for 1 ≤ i ≤ d.

The deficiency modules can also be written in terms of Ext,

M i(X) = (Extn−i+1
R (R/I(X), R)(−n− 1))∨ for 1 ≤ i ≤ d.

When X is a curve, its deficiency module M1(X) is also called Rao module
or Hartshorne-Rao module.

As we will see later, these modules play an important role in liaison theory
mainly because (up to shift and dual) they are invariant under both CI-liaison
and G-liaison (see [77]). Furthermore, the deficiency modules measure the failure
of a subscheme X ⊂ Pn to be ACM. In fact, we have that any 0-dimensional
subscheme X ⊂ Pn is an ACM scheme and, from the characterization of the
deficiency modules in terms of Ext, it is easy to deduce that if dimX = d ≥ 1,
then X is ACM if and only if M i(X) = 0 for 1 ≤ i ≤ d.

Example 1.1.18. (a) Complete intersections. If X is a subscheme in Pn of codi-
mension r, then the number of generators of I(X) is at least r, and we say that
X is a complete intersection if the number of generators of I(X) is equal to r,
the codimension of X . From the algebraic point of view, X ⊂ Pn is a complete
intersection subscheme if and only if I(X) = (F1, . . . , Fr), where (F1, . . . , Fr) is a
regular sequence. Moreover, the minimal free R-resolution of R/I(X) is known as
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the Koszul resolution and it is given by

0 −→ R

(
−

r∑
i=1

di

)
−→ · · · −→ ∧2(⊕1≤i≤rR(−di))

−→ ⊕1≤i≤rR(−di) −→ I(X) −→ 0

where di = deg(Fi). Therefore, the projective dimension of R/I(X) is equal to
the codimension r. So, complete intersection schemes are the simplest examples of
ACM subschemes X ⊂ Pn of Cohen–Macaulay type 1 and arbitrary codimension.

From now on, we will say that a subscheme X ⊂ Pn is a complete intersection
of type (d1, . . . , dr) if it is a complete intersection of codimension r and I(X) is
generated by homogeneous forms Fi of degree di, 1 ≤ i ≤ r.

(b) As an example of ACM subscheme X ⊂ Pn which is not a complete
intersection subscheme, we have the twisted cubic curve C ⊂ P3 with I(C) =
(x0x2−x2

1, x0x3−x1x2, x1x3−x2
2). Its minimal free R = K[x0, x1, x2, x3]-resolution

looks like (Hilbert–Burch’s theorem)

0 −→ R(−3)2 B−→R(−2)3 A−→I(C) −→ 0,

where

B =

⎛⎝ −x1 x0

x2 −x1

−x3 x2

⎞⎠ ,

A =
(

x0x2 − x2
1 x0x3 − x1x2 x1x3 − x2

2

)
.

So the twisted cubic is an ACM curve with Cohen–Macaulay type 2 and it is not
a complete intersection.

(c) The smooth rational quartic curve X ⊂ P3 given by I(X) = (x0x3 −
x1x2, x0x

2
2 − x2

1x3, x1x
2
3 − x3

2, x2x
2
0 − x3

1) is an example of non-ACM subscheme.
Indeed, I(X) has the following minimal free R = K[x0, x1, x2, x3]-resolution:

0 −→ R(−5) C−→R(−4)4 B−→R(−3)3 ⊕ R(−2) A−→I(X) −→ 0

where

A =
(

x0x3 − x1x2 x2x
2
0 − x3

1 x1x
2
3 − x3

2 x0x
2
2 − x2

1x3

)
,

B =

⎛⎜⎜⎝
−x2

2 x1x3 −x0x2 −x2
1

0 0 x3 x2

x1 −x0 0 0
x3 −x2 −x1 −x0

⎞⎟⎟⎠ ,

C =

⎛⎜⎜⎝
−x0

−x1

x2

−x3

⎞⎟⎟⎠ .

So, X is not ACM by (1.4).
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(d) An important example of ACM subschemes of Pn are the so-called arith-
metically Gorenstein subschemes (see Definition 1.1.26) which play an important
role in this memoir.

(e) 0-dimensional schemes. One always has depth(R/I(X)) ≤ dim(R/I(X))
for any subscheme X ⊂ Pn. Therefore, any 0-dimensional subscheme X ⊂ Pn is
automatically an ACM subscheme.

For any finitely generated graded R-module M we denote by hM its Hilbert
function defined by hM (t) = dimk[M ]t. For large values of t, this function is a
polynomial, pM , of degree dim(M) − 1 called the Hilbert polynomial of M .

Definition 1.1.19. Let M be a finitely generated graded R-module, let d be its
Krull dimension, and let pM (x) = a0x

d−1 + a1x
d−2 + · · · + ad−1 be its Hilbert

polynomial. We define the multiplicity of M, e(M) := a0(d − 1)!. So, we have

pM (x) =
e(M)

(d − 1)!
xd−1 + · · · .

The Hilbert function, hX , and the Hilbert polynomial, pX , of a subscheme
X ⊂ Pn are the corresponding functions of its homogeneous coordinate ring
R/I(X).

It is worth pointing out that given a graded R-module M , the graded Betti
numbers βij(M) of M determine the Hilbert function hM of M , and this in turn
determines the Hilbert polynomial pM of M . As we might expect, the finer the
information the more difficult it is to obtain; in particular, while the Hilbert poly-
nomial of most varieties is relatively accessible, there are relatively few varieties
whose graded Betti numbers can be calculated. By way of an example, the Hilbert
polynomial of an arbitrary collection of d points in Pn is trivial; the Hilbert func-
tion is easy to determine for d general points and quite difficult in general; we do
not know the graded Betti numbers of a collection of d general points in Pn for all
d and n. To summarize, finding the resolution (or, equivalently, the graded Betti
numbers) of the ideal of a variety X is not an effective way to find things out
about X , except in the realm of machine calculation; for the most part it is more
a source of interesting questions than of answers.

Example 1.1.20 (Hilbert function of the rational normal curve). Let X ⊂ Pd be a
rational normal curve. X is defined as the image of the map

vd : P1 −→ Pd,

[a : b] 
→ [ad : ad−1b : · · · : abd−1 : bd].

Under the map vd, the homogeneous polynomials of degree m in the coordinates
[z0 : · · · : zd] on Pd pull back to give all homogeneous polynomials of degree m · d
in the coordinates x0 and x1 of P1. Therefore, (R/I(X))m

∼= K[x0, x1]m·d. So, for
all m ≥ 0, we have

hX(m) = pX(m) = d·m + 1.
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Example 1.1.21 (Hilbert function of the Veronese variety). Let X ⊂ PN be the
Veronese variety defined as the image of the map

vd : Pn −→ PN ,

[x0 : x1 : · · · : xn] 
→ [· · · : xI : · · · ],

where xI ranges over all monomials of degree d in x0, . . . , xn. Hence, N =
(
n+d

d

)−1.
Under the map vd, the homogeneous polynomials of degree m on PN pull back
to give all homogeneous polynomials of degree m·d on Pn. Therefore, we have
(K[x0, x1, . . . , xN ]/I(X))m

∼= K[x0, x1, . . . , xn]m·d. So, for all m ≥ 0, we have

hX(m) = pX(m) =
(

m·d + n

n

)
.

The following result relates the depth and the Castelnuovo–Mumford regular-
ity of a finitely generated graded Cohen–Macaulay R-module M with the smallest
integer such that the Hilbert polynomial and the Hilbert function of M coincide.

Proposition 1.1.22. Let M be a finitely generated graded Cohen–Macaulay R-mod-
ule. If s is the smallest integer such that hM (d) = pM (d) for all d ≥ s, then

s = 1 − depth(M) + reg(M).

Proof. See [23, Corollary 4.8]. �

For a numerical function h : Z −→ Z we define its first difference by ∆h(j) =
h(j) − h(j − 1) and the higher differences by ∆i = ∆(∆i−1h) and ∆0h = h.

Remark 1.1.23. Suppose that X ⊂ Pn is an ACM scheme of dimension d. Let
�1, . . . , �d+1 ∈ R be linear forms such that R/(I(X)+(�1, . . . , �d+1)) has dimension
zero. Then R/(I(X) + (�1, . . . , �d+1)) is called an Artinian reduction of R/I(X).
For its Hilbert function we have

hR/(I(X)+(�1,...,�d+1))(t) = ∆d+1hR/I(X)(t).

Since R/(I(X)+ (�1, . . . , �d+1)) is finite dimensional as a K-vector space, we have
that hR/(I(X)+(�1,...,�d+1))(t) is a finite sequence of nonzero integers,

1 c h2 h3 . . . hs 0 . . . .

The above sequence is called the h-vector of X . In particular, c is the embedding
codimension of X ; i.e., c is the codimension of X inside the smallest linear space
containing X . Moreover, the Hilbert function of X can be recovered from the
h-vector by “integrating”.
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Example 1.1.24 (h-vector of the rational normal curve). Let X ⊂ Pd be a rational
normal curve defined as the image of the map

vd : P1 −→ Pd,

[a : b] 
→ [ad : ad−1b : · · · : abd−1 : bd].

By Example 1.1.20, for all m ≥ 0, we have

hX(m) = pX(m) = d·m + 1.

So, the h-vector of X is 1 d − 1 0 0 . . . .

If X ⊂ Pn is a closed subscheme of codimension c and A = R/I(X), we
denote by KX (or sometimes KA) its canonical module

KX = ExtcR(R/I(X), R)(−n− 1),

and by ωX its canonical sheaf

ωX = ExtcR(OX ,OPn)(−n − 1) .

Remark 1.1.25. An important fact is that if X ⊂ Pn is an ACM scheme, then the
dual of the resolution of R/I(X) is again a resolution, this time for the twist of
the canonical module KX of X . In fact, the resolution

0 −→ Fn−d −→ Fn−d−1 −→ · · · −→ F1 −→ R −→ R/I(X) −→ 0

yields the resolution

0 −→ R −→ F∨
1 −→ · · · −→ F∨

n−d−1 −→ F∨
n−d

−→ Extn−d
R (R/I(X), R) = KX(n + 1) −→ 0.

To see this, we use the fact that Exti
R(R/I(X), R) = 0 for i < codim(X). In

particular, the Cohen–Macaulay type of X coincides with the minimal number
the of generators of its canonical module, and if X has Cohen–Macaulay type 1
(i.e., X is arithmetically Gorenstein), then the canonical module is cyclic.

Arithmetically Gorenstein schemes

Definition 1.1.26. A codimension c subscheme X of Pn is arithmetically Gorenstein
(briefly AG), if its homogeneous coordinate ring R/I(X) is a Gorenstein ring or,
equivalently, its saturated homogeneous ideal, I(X), has a minimal free graded
R-resolution of the following type:

0 −→ R(−t) −→ ⊕αc−1
i=1 R(−nc−1,i) −→ · · · −→ ⊕α1

i=1R(−n1,i) −→ I(X) −→ 0.

In other words, an AG scheme is an ACM scheme with Cohen–Macaulay type 1.
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By Remark 1.1.25 the canonical module KX of an AG subscheme X ⊂ Pn is
cyclic. In fact, the following proposition is true.

Proposition 1.1.27. Let X be an ACM subscheme of Pn of codimension c. Then
the following conditions are equivalent:

(1) X has Cohen–Macaulay type 1 (i.e., X is AG);
(2) R/I(X) ∼= KX(t) for some t ∈ Z;
(3) the minimal free R-resolution of R/I(X) is self-dual, up to twisting by n+1.

Proof. (1) implies (2). We consider a minimal free graded R-resolution of R/I(X),

0 −→ R(−t) −→ ⊕αc−1
i=1 R(−nc−1,i) −→ · · ·

−→ ⊕α1
i=1R(−n1,i) −→ R −→ R/I(X) −→ 0.

Dualizing it we get (see Remark 1.1.25)

0 −→ R −→ ⊕α1
i=1R(n1,i) −→ · · · −→ ⊕αc−1

i=1 R(nc−1,i) −→ R(t)
−→ ExtcR(R/I(X), R) = KX(n + 1) −→ 0.

Therefore, KX
∼= R/J(�) for some ideal J and some integer �. On the other

hand, since X is ACM and Extc
R(R/I(X), R) = KX(n + 1), we have that I(X) =

AnnR(KX). Combining these facts we get that J = I(X) which proves (2).

(2) implies (3). This follows from Remark 1.1.25.

(3) implies (1). The fact that the minimal free R-resolution of R/I(X) is
self-dual implies that the Cohen–Macaulay type of X is 1, which proves (1). �

In general, it is a difficult matter to construct AG subschemes X ⊂ Pn, apart
from complete intersections, with prescribed properties (e.g., with given Hilbert
function or containing a given scheme).

Example 1.1.28. (a) The Koszul resolution of a complete intersection tells us that
any complete intersection subscheme X ⊂ Pn is an AG subscheme.

(b) In codimension 2, the converse of (a) holds. If X is AG, then from the
minimal free R-resolution

0 −→ R(−t) −→ F1 −→ R −→ R/I(X) −→ 0,

one quickly sees that the rank of F1 is 2; i.e., X is a complete intersection. So, in
codimension 2 AG subschemes and complete intersection subschemes coincide.

(c) In higher codimension, any complete intersection subscheme is AG but
not vice versa. Indeed, a set X of n + 2 points in Pn in linear general position
(i.e., no n + 1 on a hyperplane) is AG (this easily follows from the fact that a
zero scheme X ⊂ Pn is AG if and only if it has symmetric h-vector and it has
the Cayley–Bacharach property; see Definition 1.1.29), but X is not a complete
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intersection. In particular, a set X of 5 general points in P3 is ACM (because it is
0-dimensional) and its homogeneous coordinate ring R/I(X) has a minimal free
R-resolution of the following type:

0 −→ R(−5) −→ R(−3)5 −→ R(−2)5 −→ R −→ R/I(X) −→ 0.

So, X is AG (the Cohen–Macaulay type is 1) and X is not a complete intersection
because it has codimension 3 and I(X) is generated by 5 quadrics. So, in higher
codimension it is no longer true that complete intersection subschemes and AG
subschemes coincide.

(d) Let X ⊂ P4 be the elliptic quintic curve with homogeneous ideal I(X) =
(x0x2 − x2

1, x0x3 − x1x2, x0x4 − x3x1, x1x3 − x2
2, x1x4 − x2x3). X is an AG curve.

In fact, I(X) has the following minimal free R = K[x0, x1, x2, x3, x4]-resolution:

0 −→ R(−5) C−→R(−3)5 B−→R(−2)5 A−→I(X) −→ 0,

where

A =
(

x0x2 − x2
1 x2x1 − x0x3 x1x3 − x0x4 x2

2 − x0x4 x2x3 − x1x4

)
,

C =

⎛⎜⎜⎜⎜⎝
−x2

2 + x1x4

x0x2 − x2
1

−x2x1 + x0x3

x2x3 − x1x4

x1x3 − x0x4

⎞⎟⎟⎟⎟⎠ ,

B =

⎛⎜⎜⎜⎜⎝
−x3 0 x4 −x2 x3

0 x4 0 −x1 x2

−x1 0 x2 −x0 x1

0 −x3 0 x0 −x1

x0 x2 −x1 0 0

⎞⎟⎟⎟⎟⎠ .

We easily compute the Hilbert polynomial of X and we get pX(t) = 5t. So, X
is an elliptic (pa(X) = 1) quintic (deg(X) = 5) curve. Moreover, the projective
dimension of R/I(X) is 3 and, hence, the elliptic quintic X is an ACM curve with
Cohen–Macaulay type 1 and 5 minimal generators. Therefore, X is an AG curve
but not a complete intersection curve.

Definition 1.1.29. Let X ⊂ Pn be a 0-dimensional scheme and let r+1 = reg(IX).
Then X has the Cayley–Bacharach property if, for every subscheme Y ⊂ X with
deg(Y ) = deg(X) − 1, we have h0(Pn, IY (r − 1)) = h0(Pn, IX(r − 1)).

1.2 Determinantal ideals

The main purpose of this section is to provide the background and basic results on
standard determinantal ideals, determinantal ideals, and symmetric determinantal
ideals as well as good and standard determinantal schemes needed later. We refer
the reader to [10] and [22] for more details.
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Definition 1.2.1. Let A be a p × q matrix with entries in R. We say that A is a
t-homogeneous matrix if the minors of A of size j×j are homogeneous polynomials
for all j ≤ t. We say that A is a homogeneous matrix if its minors of any size are
homogeneous.

If A is a homogeneous matrix, we denote by I(A) the ideal of R generated
by the maximal minors of A. If A is a t-homogeneous matrix, for any j ≤ t, we
denote by Ij(A) the ideal of R generated by the j × j minors of A.

Remark 1.2.2. Note that associated with any p × q homogeneous matrix A we
have a degree 0 morphism φ : F −→ G of free graded R-modules of rank p and q,
respectively. We set I(φ) = I(A).

Definition 1.2.3. A homogeneous ideal I ⊂ R is called a determinantal ideal if

(1) there exists an r-homogeneous matrix A of size p× q with entries in R, such
that I = Ir(A), and

(2) ht(I) = (p − r + 1)(q − r + 1).

Such ideal will be often denoted Ip,q,r(A) (or simply Ip,q,r).
A homogeneous determinantal ideal I ⊂ R is called a standard determinantal

ideal if r = max(p, q). In other words, a homogeneous ideal I ⊂ R of codimension
c is called a standard determinantal ideal if I = Ir(A) for some r × (r + c − 1)
homogeneous matrix A.

Remark 1.2.4. Let A be a t-homogeneous matrix of size p × q. A classical result
of J.A. Eagon and D.G. Northcott [21] asserts that, for any r ≤ t, the ideal Ir(A)
generated by the r × r minors of A has

ht(Ir(A)) ≤ (p − r + 1)(q − r + 1).

See [10, Theorem 2.1] for a proof. Therefore, for fixed p, q and r, determinantal
ideals have maximal height among the ideals generated by the r × r minors of a
t-homogeneous matrix of size p × q (t ≥ r).

Definition 1.2.5. A homogeneous ideal I ⊂ R is called a symmetric determinantal
ideal if

(1) there exists a t-homogeneous symmetric matrix A of size m×m with entries
in R, such that I = It(A), and

(2) ht(I) =
(
m−t+2

2

)
.

Such ideal will be often denoted Is
m,t(A) (or simply Is

m,t).

Remark 1.2.6. Let A be a t-homogeneous symmetric matrix of size m×m. In [53,
Theorem 2.1], T. Józefiak proved that, for any t ≤ m, the ideal It(A) generated
by the t × t minors of A has

ht(Ir(A)) ≤
(

m − t + 2
2

)
.
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Therefore, for a fixed t and m, symmetric determinantal ideals have maximal
height among the ideals defined by t × t minors of a t-homogeneous symmetric
matrix of size m × m.

Definition 1.2.7. A subscheme X ⊂ Pn+c is said to be standard determinantal if its
homogeneous saturated ideal I(X) is a standard determinantal ideal. Therefore, a
codimension c subscheme X ⊂ Pn+c is called a standard determinantal scheme if
I(X) = It(A) for some t× (t + c− 1) homogeneous matrix A. X ⊂ Pn+c is called
a good determinantal scheme if, additionally, A contains a (t − 1) × (t + c − 1)
submatrix (allowing a change of basis if necessary) whose ideal of maximal minors
defines a scheme of codimension c + 1.

A subscheme X ⊂ Pn+c is said to be determinantal if its homogeneous sat-
urated ideal I(X) is a determinantal ideal. Therefore, a codimension c subscheme
X ⊂ Pn+c is called a determinantal scheme if there exist integers r, p, and q such
that c = (p − r + 1)(q − r + 1) and I = Ir(A) for some r-homogeneous matrix A
of size p × q.

Example 1.2.8. (a) Complete intersections are examples of determinantal ideals.
(b) For any fixed integers 1 ≤ p ≤ q and for any r with 1 ≤ r ≤ p, set

N = pq − 1 and R = K[x1,1, x1,2, . . . , x1,q, . . . , xp,1, xp,2, . . . , xp,q]. Set X ⊂ PN =
Proj(R) be the determinantal scheme whose homogeneous saturated ideal is gen-
erated by the r × r minors of the matrix of indeterminates,

A =

⎛⎜⎜⎜⎝
x1,1 x1,2 . . . x1,q

x2,1 x2,2 . . . x2,q

...
... . . .

...
xp,1 xp,2 . . . xp,q

⎞⎟⎟⎟⎠ .

By [10, Theorem 2.5], X has

codim(X) = depth(Ir(A)) = (p − r + 1)(q − r + 1).

Therefore, X is ACM and determinantal.
(c) Let X ⊂ Pn be a rational normal curve defined as the image of the map

vn : P1 −→ Pn,

[a : b] 
→ [an : an−1b : · · · : abn−1 : bn].

It is a nice exercise to prove that the homogeneous ideal I(X) of X is generated
by the maximal minors of the matrix(

x0 x1 . . . xn−1

x1 x2 . . . xn

)
.

Therefore, X is a good determinantal subscheme of Pn.
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Remark 1.2.9. Notice that a good determinantal scheme X ⊂ Pn+c is standard de-
terminantal and the converse is true provided X is a generic complete intersection
(cf. [61, Theorem 3.4] or [56, Proposition 3.2]).

One of the most important results on determinantal ideals is due to J.A.
Eagon and M. Hochster. In [20], they proved the following theorem.

Theorem 1.2.10. Determinantal schemes are arithmetically Cohen–Macaulay.

Definition 1.2.11. A subscheme X ⊂ Pn+c is said to be symmetric determinantal if
its homogeneous saturated ideal I(X) is a symmetric determinantal ideal. There-
fore, a codimension c subscheme X ⊂ Pn+c is called a symmetric determinantal
scheme if there exist integers t ≤ m such that c =

(
m−t+2

2

)
and I(X) = It(A) for

some t-homogeneous symmetric matrix A of size m × m.

Example 1.2.12. (a) For any integer 1 ≤ m and for any t with 1 ≤ t ≤ m, set
N =

(
m+1

2

) − 1 and R = K[. . . , xi,j , . . . ]1≤i≤j≤m. Set X ⊂ PN = Proj(R) be
the symmetric determinantal scheme whose homogeneous saturated ideal I(X) is
generated by the t × t minors of the symmetric matrix of indeterminates of size
m × m,

A =

⎛⎜⎜⎜⎝
x1,1 x1,2 . . . x1,m

x1,2 x2,2 . . . x2,m

...
... . . .

...
x1,m x2,m . . . xm,m

⎞⎟⎟⎟⎠ .

By [53, Theorem 2.3], X has

codim(X) = depth(It(A)) =
(

m − t + 2
2

)
.

Therefore, X is ACM and symmetric determinantal.
(b) Let S ⊂ P5 be a Veronese surface defined as the image of the map

v2,2 : P2 −→ P5,

[a : b : c] 
→ [a2 : ab : ac : b2 : bc : c2].

It is a nice exercise to prove that the homogeneous ideal I(S) of S is generated by
the 2 × 2 minors of the symmetric matrix⎛⎝ x0 x1 x2

x1 x3 x4

x2 x4 x5

⎞⎠ .

Therefore, S is a symmetric determinantal subscheme of P5.

Remark 1.2.13. It is worth emphasizing that symmetric determinantal schemes do
not occur for every codimension. There exist symmetric determinantal schemes of
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codimension c if and only if c =
(

b
2

)
for some integer b. Moreover, complete intersec-

tions are a special case of symmetric determinantal schemes for the codimensions
for which symmetric determinantal schemes do exist.

Cohen–Macaulayness of symmetric determinantal schemes was proved by
R.E. Kutz. Indeed, in [62, Theorem 1], he proved the following.

Theorem 1.2.14. Symmetric determinantal schemes are arithmetically Cohen–
Macaulay.

We now establish some further properties of determinantal schemes and sym-
metric determinantal schemes that we will need in this work.

Let I ⊂ R be a homogeneous ideal. We let µ(I) denote the cardinality of a
set of minimal generators of I. We have the following lemma.

Lemma 1.2.15. Let Is
m,t ⊂ R be a symmetric determinantal ideal generated by

the t × t minors of an m × m homogeneous symmetric matrix. Then, µ(Is
m,t) =(

(m
t )+1

2

)
.

Proof. Let X be a symmetric matrix of indeterminates of size m × m. Then,
µ(Is

m,t) = µ(It(X)) = number of distinct t × t minors of X . Therefore, we have

µ(Is
m,t) = µ(It(X))

=
1
2

[(
m

t

)(
m

t

)
+
(

m

t

)]
=
((m

t

)
+ 1

2

)
. �

Now we are going to describe the generalized Koszul complexes associated
with a codimension c standard determinantal scheme X . To this end, we denote
by ϕ : F −→ G the morphism of free graded R-modules of rank t and t + c − 1,
defined by the homogeneous matrix A associated with X . We denote by Ci(ϕ∗)
the generalized Koszul complex,

Ci(ϕ∗) : 0 −→ ∧iG∗ ⊗ S0(F ∗) −→ ∧i−1G∗ ⊗ S1(F ∗)

−→ · · · −→ ∧0G∗ ⊗ Si(F ∗) −→ 0.

Let Ci(ϕ∗)∗ be the R-dual of Ci(ϕ∗). The map ϕ induces graded morphisms,

µi : ∧t+iG∗ ⊗ ∧tF −→ ∧iG∗.

They can be used to splice the complexes Cc−i−1(ϕ∗)∗⊗∧t+c−1G∗⊗∧tF and
Ci(ϕ∗) to a complex Di(ϕ∗),

0 −→ ∧t+c−1G∗ ⊗ Sc−i−1(F ) ⊗ ∧tF −→ ∧t+c−2G∗ ⊗ Sc−i−2(F ) ⊗ ∧tF

−→ · · · −→ ∧t+iG∗ ⊗ S0(F ) ⊗ ∧tF −→ ∧iG∗ ⊗ S0(F ∗) −→ ∧i−1G∗ ⊗ S1(F ∗)

−→ · · · −→ ∧0G∗ ⊗ Si(F ∗) −→ 0.
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The complex D0(ϕ∗) is called the Eagon–Northcott complex and the complex
D1(ϕ∗) is called the Buchsbaum–Rim complex. Let us rename the complex Cc(ϕ∗)
as Dc(ϕ∗). Then we have the following well-known result.

Proposition 1.2.16. Let X ⊂ Pn+c be a standard determinantal subscheme of codi-
mension c associated with a graded minimal (i.e., im(ϕ) ⊂ mG) morphism ϕ :
F −→ G of free R-modules of rank t and t+c−1, respectively. Set M = coker(ϕ∗).
Then

(1) Di(ϕ∗) is acyclic for −1 ≤ i ≤ c;

(2) D0(ϕ∗) is a minimal free graded R-resolution of R/I(X) and Di(ϕ∗) is a
minimal free graded R-resolution of length c of Si(M), 1 ≤ i ≤ c;

(3) KX
∼= Sc−1(M) up to degree shift. So, up to degree shift, Dc−1(ϕ∗) is a

minimal free graded R-module resolution of KX .

Proof. See, for instance, [10, Theorem 2.16], and [22, Corollary A2.12 and Corol-
lary A2.13]. �

Remark 1.2.17. By Proposition 1.2.16(2), any standard determinantal scheme X ⊂
Pn+c is ACM. Moreover, in codimension 2, the converse is true: If X ⊂ Pn+2 is
an ACM, closed subscheme of codimension 2, then it is standard determinantal.
In fact, we have the following theorem.

Theorem 1.2.18 (Hilbert–Burch theorem). Let X ⊂ Pn+2 be an arithmetically
Cohen–Macaulay subscheme of codimension 2. Then, there is an r × (r + 1) ho-
mogeneous matrix A, the Hilbert–Burch matrix whose maximal minors generate
I(X), giving rise to a minimal free R-resolution,

0 −→ ⊕r
i=1R(−bi)

A−→⊕r+1
j=1 R(−aj) −→ I(X) −→ 0.

Proof. See, for instance, [22, Theorem 20.15]. �

Remark 1.2.19. In codimension ≥ 3, it is no longer true that ACM schemes and
standard determinantal schemes coincide. For instance, let X = {p1, . . . , p10} ⊂ P3

be a set of 10 general points. X is ACM because any 0-dimensional scheme is
ACM but X is not standard determinantal. Indeed, the only way to define a 0-
dimensional subscheme X ⊂ P3 of length 10 as the maximal minors of a t× (t+2)
homogeneous matrix is by means of a 3× 5 matrix with linear entries. Therefore,
the dimension of the family of 0-dimensional schemes X ⊂ P3 of length 10 defined
by the maximal minors of a 3 × 5 matrix with linear entries is 27, while the
dimension of the family of sets of 10 general points in P3 is 30.

The homogeneous matrix A associated with a standard determinantal scheme
X ⊂ Pn+c of codimension c also defines an injective morphism ϕ : F −→ G of
locally free OPn+c-modules of rank t and t + c − 1. Since the construction of the
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generalized Koszul complexes globalizes, we can also associate with ϕ∗ the Eagon–
Northcott complex of OPn+c-modules,

0 −→ ∧t+c−1G∗ ⊗ Sc−1(F) ⊗ ∧tF −→ ∧t+c−2G∗ ⊗ Sc−2(F) ⊗ ∧tF −→ · · ·
−→ ∧tG∗ ⊗ S0(F) ⊗ ∧tF −→ OPn+c −→ OX −→ 0,

and the Buchsbaum–Rim complex of locally free OPn+c-modules,

0 −→ ∧t+c−1G∗ ⊗ Sc−2(F) ⊗ ∧tF −→ ∧t+c−2G∗ ⊗ Sc−3(F) ⊗ ∧tF −→ · · ·
−→ ∧t+1G∗ ⊗ S0(F) ⊗ ∧tF −→ G∗ ϕ∗

−→ F∗ −→ M̃ −→ 0.

Since the degeneracy locus of ϕ∗ has codimension c (In fact, I(ϕ∗) = I(A) =
I(X)), these two complexes are acyclic. Moreover, the kernel of ϕ∗ is called the
first Buchsbaum–Rim sheaf associated with ϕ∗.

Let X ⊂ Pn+c be a standard (resp., good) determinantal scheme of codimen-
sion c ≥ 2 defined by the vanishing of the maximal minors of a t × (t + c − 1)
homogeneous matrix A. The matrix A defines a degree 0 morphism

ϕ : F = ⊕t
i=1R(bi) −→ G = ⊕t+c−2

j=0 R(aj)

of free graded R-modules of rank t and t + c − 1, respectively. Hence,

A = (fji)
j=0,...,t+c−2
i=1,...,t ,

where fji ∈ K[x0, . . . , xn+c] are homogeneous polynomials of degree aj − bi with
b1 ≤ · · · ≤ bt and a0 ≤ a1 ≤ · · · ≤ at+c−2. We assume, without loss of generality,
that A is minimal; i.e., fji = 0 for all i, j with bi = aj . If we let uj,i = aj − bi for
all j = 0, . . . , t + c − 2 and i = 1, . . . , t, the matrix

U = (uj,i)
j=0,...,t+c−2
i=1,...,t

is called the degree matrix associated with X . We have the following lemma.

Lemma 1.2.20. The matrix U has the following properties:

(1) for every j and i, uj,i ≤ uj+1,i and uj,i ≥ uj,i+1;
(2) for every i = 1, . . . , t, ui−1,i = ai−1 − bi > 0.

And vice versa, given a degree matrix U of integers verifying (1) and (2), there
exists a codimension c standard (resp., good) determinantal scheme X ⊂ Pn+c

with associated degree matrix U .

Proof. The first condition is obvious. For the second one, we only need to observe
that if for some i = 1, . . . , t, we have ui−1,i ≤ 0, then in the matrix A we have
fj,k = 0 for j ≤ i − 1 and k ≥ i. But this would imply that the minor which
is obtained by deleting the last c − 1 columns has to be zero, contradicting the
minimality of A.
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The converse is trivial. Indeed, given a matrix of integers, U , satisfying (1) and
(2), we can consider the standard (resp., good) determinantal scheme X ⊂ Pn+c

of codimension c associated with the homogeneous matrix

A =⎛⎜⎜⎜⎝
x

ut+c−2,t
0 x

ut+c−3,t
1 . . . . . . x

ut−1,t
c−1 0 0 . . . . . .

0 x
ut+c−3,t−1
0 x

ut+c−4,t−1
1 . . . . . . x

ut−2,t−1
c−1 0 0 . . .

0 0 x
ut+c−4,t−2
0 x

ut+c−5,t−2
1 . . . . . . x

ut−3,t−2
c−1 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎠ ,

respectively, A =
⎛⎜⎜⎜⎝

x
ut+c−2,t
0 x

ut+c−3,t
1 . . . . . . x

ut−1,t
c−1 0 0 . . . . . .

x
ut+c−2,t−1
c x

ut+c−3,t−1
0 x

ut+c−4,t−1
1 . . . . . . x

ut−2,t−1
c−1 0 0 . . .

0 x
ut+c−3,t−2
c x

u2,t−2
0 x

ut+c−5,t−2
1 . . . . . . x

ut−3,t−2
c−1 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎠ .

Up to reordering, we easily check that the degree matrix associated with X is U .
�

Given integers b1, . . . , bt and a0, a1, . . . , at+c−2, we denote by W (b; a) ⊂
Hilbp(t)(Pn+c) (resp., Ws(b; a) ⊂ Hilbp(t)(Pn+c)) the locus of good (resp., stan-
dard) determinantal schemes X ⊂ Pn+c of codimension c ≥ 2 defined by the
maximal minors of a homogeneous matrix A = (fji)

j=0,...,t+c−2
i=1,...,t where fji ∈

K[x0, . . . , xn+c] is a homogeneous polynomial of degree aj − bi. Clearly, W (b; a) ⊂
Ws(b; a). Moreover we have the following corollary.

Corollary 1.2.21. Assume b1 ≤ · · · ≤ bt and a0 ≤ a1 ≤ · · · ≤ at+c−2. We have that
W (b; a) �= ∅ if and only if Ws(b; a) �= ∅ if and only if ui−1,i = ai−1 − bi > 0 for
i = 1, . . . , t.

Proof. It easily follows from Lemma 1.2.20. �

Let X ⊂ Pn+c be a good determinantal scheme of codimension c ≥ 2 de-
fined by the homogeneous matrix A = (fji)

j=0,...,t+c−2
i=1,...t . It is well known that by

successively deleting columns from the right-hand side of A, and taking maximal
minors, one gets a flag of determinantal subschemes,

(X.) : X = Xc ⊂ Xc−1 ⊂ · · · ⊂ X2 ⊂ Pn+c, (1.5)

where each Xi+1 ⊂ Xi (with ideal sheaf IXi+1|Xi
:= Ii) is of codimension 1,

Xi ⊂ Pn+c is of codimension i (i = 2, . . . , c) and where there exist OXi -modules
Mi fitting into short exact sequences,

0 → OXi(−at+i−1) → Mi → Mi+1 → 0 for 2 ≤ i ≤ c − 1, (1.6)

such that Ii(at+i−1) is the OXi -dual of Mi for 2 ≤ i ≤ c, and M2 is a twist of
the canonical module of X2; cf. (4.5)–(4.8) for details.
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Remark 1.2.22. Assume that b1 ≤ · · · ≤ bt and a0 ≤ a1 ≤ · · · ≤ at+c−2. If X is
general in W (b; a) and ui−min(α,t),i = ai−min(α,t) − bi ≥ 0 for min(α, t) ≤ i ≤ t,
then Xj = Proj(Dj), for all j = 2, . . . , c, is non-singular except for a subset of
codimension at least min{2α − 1, j + 2}; i.e.,

codimXj Sing(Xj) ≥ min{2α − 1, j + 2}. (1.7)

This follows from the theorem in [12], arguing as in [12, Example 2.1]. In particular,
if α ≥ 3, we get that for each i > 0, the closed embeddings Xi ⊂ Pn+c and
Xi+1 ⊂ Xi are local complete intersections outside some set Zi of codimension at
least min(4, i + 1) in Xi+1 (depthZi

OXi+1 ≥ min(4, i + 1)).
Moreover, taking α = 1, we deduce from (1.7) that a general X in W (b; a)

is reduced provided ai−1 > bi for all 1 ≤ i ≤ t. This means (see Corollary 1.2.21)
that a nonempty W (b; a) always contains a reduced determinantal scheme. This
remark improves [11, Proposition 2.7].

1.3 CI-liaison and G-liaison

In this section, we recall the definitions and basic facts on CI-liaison and G-liaison
needed in the sequel. Liaison theory has been a very active area of research during
the last decades. Historically liaison began in the nineteenth century as a tool to
study curves in projective spaces and it goes back at least to the work of M. Noether
[73], F. Severi [82, 83], and F.S. Macaulay [63]. The initial idea was to start with
a curve in P3 and to study its residual in a complete intersection. It turns out
that a lot of information can be carried over from a curve to its residual and vice
versa. It was hoped that using this process of linking curves, one could always pass
to a “simpler” curve, namely a complete intersection (in some sense, the simplest
curve), and so it would be possible to get information about the original curve
from this complete intersection.

In the first half of the twentieth century, P. Dubreil [19], R. Apéry [3], and
F. Gaeta [28], among others, contributed to the initial development of liaison
theory. But it was not until the work of C. Peskine and L. Szpiro [75] in 1974
that liaison was established as a modern discipline. Roughly speaking, liaison is
an equivalence relation among subschemes of a given dimension d in a projective
space Pn (or ideals in K[x0, x1, . . . , xn]) and it involves the study of the properties
that are shared by two schemes whose union is well understood. Two subschemes
of the same dimension are said to be directly CI-linked if their union is a complete
intersection and are said to be directly G-linked if their union is an AG scheme
(see Definition 1.3.1 for the precise definition). CI-liaison (resp., G-liaison) is the
equivalence relation generated by CI-links (resp., G-links). Notice that as complete
intersections are particular cases of AG schemes, any two subschemes which are
in the same CI-liaison class are also in the same G-liaison class.

Most of the work on liaison theory has been done for subschemes of codimen-
sion 2 in projective spaces where complete intersection and AG schemes coincide.
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When we pass to arbitrary codimension, one has to decide whether to view the
codimension 2 case as a part of CI-liaison theory or G-liaison theory. Different au-
thors have tried to generalize the results of CI-liaison for codimension 2 schemes
to schemes of higher codimension. For instance, C. Huneke and B. Ulrich [52] (see
also [56]) proved that some interesting results in codimension 2 do not hold when
we link higher-codimensional ideals by complete intersections. In [79], P. Schenzel
realized that many of the basic results were also valid in arbitrary codimension
when one links using AG schemes instead of complete intersections (see also the
work of E.S. Golod [30]) and the work [56] strongly suggests that the idea of link-
ing using AG schemes is indeed a natural generalization to higher codimension of
the idea of linking using complete intersections.

Definition 1.3.1 (See also [56, Definitions 2.3, 2.4, and 2.10]). We say that two
subschemes V1 and V2 of Pn are (algebraically) directly CI-linked or simply (algebra-
ically) CI-linked (resp., (algebraically) directly G-linked or simply (algebraically)
G-linked), by a complete intersection (resp., an AG) subscheme X ⊂ Pn if I(X) ⊂
I(V1) ∩ I(V2) and we have I(X) : I(V1) = I(V2) and I(X) : I(V2) = I(V1).

We will say that V1 and V2 are directly linked when it does not matter if the
linking scheme is an AG or a complete intersection scheme.

Remark 1.3.2. The definition of direct links that we have given here does not
coincide with the original definition given by C. Peskine and L. Szpiro [75], A.P.
Rao [76], and P. Schenzel [79]. They said that V1, V2 ⊂ Pn are algebraically linked
by X if and only if

(1) I(X) ⊂ I(V1) ∩ I(V2),
(2) V1 and V2 are equidimensional schemes without embedded components,
(3) IV1/IX

∼= HomOPn (OV2 ,OX) (or, equivalently, HomR(R/I(V2), R/I(X)) ∼=
I(V1)/I(X)), and

(4) IV2/IX
∼= HomOPn (OV1 ,OX) (or, equivalently, HomR(R/I(V1), R/I(X)) ∼=

I(V2)/I(X)).

The equivalence between both definitions was first observed by P. Schenzel in [79].
To see the equivalence, the main point is that there are natural isomorphisms,

[I(V1) : I(X)]/I(X) ∼= HomR(R/I(V1), R/I(X))

and
[I(V2) : I(X)]/I(X) ∼= HomR(R/I(V2), R/I(X)).

Another way of saying this is that I(V2) is the annihilator of I(V1) in R/I(X) and
I(V1) is the annihilator of I(V2) in R/I(X).

If V1 and V2 do not share any common component, the definition of direct
linkage has a clear geometric meaning. In fact, it is equivalent to X = V1 ∪ V2 as
schemes (or, equivalently, I(X) = I(V1) ∩ I(V2)) and in this case we say that V1

and V2 are directly geometrically CI-linked (resp., geometrically G-linked).
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Example 1.3.3. (a) A simple example of directly geometrically CI-linked schemes
is the following one: Let C1 be a twisted cubic in P3 and let C2 be a secant
line to C1. The union of C1 and C2 is a degree 4 curve which is the complete
intersection X of two quadrics Q1 and Q2. So C1 and C2 are directly CI-linked by
the complete intersection X . More precisely, we take C1 ⊂ P3, the twisted cubic
with the homogeneous ideal

I(C1) = (x0x2 − x2
1, x0x3 − x1x2, x1x3 − x2

2) ⊂ K[x0, x1, x2, x3],

and the complete intersection ideal

I(X) = (x2
1 − x2x0 + x2

2 − x1x3, x
2
1 − x0x2 + 2x2

2 − 2x1x3) ⊂ I(C1),

the residual to C1 in X is the line C2 defined by I(C2) = (x1, x2).
(b) As a simple example of directly geometrically G-linked schemes we have

the following: We consider a set Y1 ⊂ P3 of four points in linear general position
and a sufficiently general point Y2. Since X = Y1∪Y2 is an AG subscheme, Y1 and
Y2 are directly G-linked.

(c) Let C ⊂ P4 be the rational normal quartic with homogeneous ideal

I(C) = (x0x2 − x2
1, x0x3 − x1x2, x0x4 − x3x1, x1x3 − x2

2, x1x4 − x2x3, x2x4 − x2
3).

We consider the elliptic curve X ⊂ P4 with homogeneous ideal

I(X) = (x0x2 − x2
1, x0x3 − x1x2, x0x4 − x3x1, x1x3 − x2

2, x1x4 − x2x3).

X is an AG curve and the residual to C in X is the line L ⊂ P4 with homogeneous
ideal I(L) = (x0, x1, x2). In fact, I(X) : I(C) = (x0, x1, x2). So, C and L are
geometrically directly G-linked.

(d) Let I(X) = (x0x1, x0 + x1) = (x2
0, x0 + x1) = (x2

1, x0 + x1) ⊂ K[x0, x1,
x2, x3] and let I(C) = (x0, x1). Then, we have [I(X) : I(C)] = I(C). That is, the
line C ⊂ P3 is self-CI-linked by I(X).

The question of whether a subscheme X ⊂ Pn can be self-CI-linked (resp.,
self-G-linked) is an interesting and difficult one that has been addressed by several
authors, see, e.g., [7], [16], [27], [55], [65], and [76].

Definition 1.3.4. Let V1 and V2 ⊂ Pn be two equidimensional schemes without
embedded components. We say that V1 and V2 are in the same CI-liaison class
(resp., G-liaison class) if and only if there exists a sequence of schemes Y1, . . . , Yr

such that Yi is directly CI-linked (resp., directly G-linked) to Yi+1 and such that
Y1 = V1 and Yr = V2. If V1 is linked to V2 in two steps by complete intersection
(resp., AG) schemes, we say that they are CI-bilinked (resp., G-bilinked).

In other words CI-liaison(resp., G-liaison) is the equivalence relation gener-
ated by direct CI-linkage (resp., direct G-linkage) and, roughly speaking, liaison
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theory is the study of these equivalence relations and the corresponding equiva-
lence classes.

In codimension 2 CI-liaison and G-liaison generate the same equivalence re-
lation, since complete intersection subschemes and AG subschemes coincide. In
higher codimension it is no longer true. Indeed, a simple counterexample is the
following: Consider a set X of four points in P3 in linear general position. By
Example 1.3.3(b) we can G-link X to a single point. Therefore, X is glicci (see
Definition 1.3.5). On the other hand, it follows from [52, Corollary 5.13] that X is
not licci (see Definition 1.3.5).

As remarked in the introduction, we will see in Chapter 2 that for codimen-
sion 2 subschemes X ⊂ Pn, being in the CI-liaison class of a complete intersection
is equivalent to being ACM. In higher codimension, this is no longer true.

Definition 1.3.5. A subscheme X ⊂ Pn is said to be licci if it is in the CI-liaison
class of a complete intersection.

Analogously, we say that a subscheme X ⊂ Pn is glicci if it is in the G-liaison
class of a complete intersection.

Example 1.3.6. (a) Let C ⊂ P3 be the twisted cubic parameterized by (s3, s2t,
st2, t3). We easily compute its homogeneous ideal and we get

I(C) = (x0x3 − x1x2, x0x2 − x2
1, x1x3 − x2

2) ⊂ K[x0, x1, x2, x3].

Therefore, C is contained in the complete intersection of two quadrics X ⊂ P3

defined by I(X) = (x0x3−x1x2, x0x2 −x2
1) ⊂ I(C). We verify that I(X) : I(C) =

(x0, x1) defining a line L ⊂ P3. Thus C and L are CI-linked by X and C is licci.
(b) Let C ⊂ P4 be the rational normal quartic with

I(C) = (x2
0, x0x1, x0x2, x

2
1, x1x2, x

2
2) ⊂ K[x0, x1, x2, x3, x4].

Let X ⊂ P4 be the elliptic quintic with

I(X) = (x2
2, x

2
0, x1x2, x0x2 − x2

1, x0x1) ⊂ K[x0, x1, x2, x3, x4].

X is an AG subscheme and its homogeneous ideal I(X) is generated by the Pfaf-
fians of the skew symmetric matrix

A =

⎛⎜⎜⎜⎜⎝
0 0 0 x0 x1

0 0 x0 x1 x2

0 −x0 x1 x2 0
−x0 −x1 −x2 0 0
−x1 −x2 0 0 0

⎞⎟⎟⎟⎟⎠ .

Since I(X) ⊂ I(C) and I(X) : I(C) = (x0, x1, x2), we can use X to G-link C
and the line L with homogeneous ideal I(L) = (x0, x1, x2), and to conclude that
the rational normal quartic C is glicci.
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In order for meaningful applications of G-liaison theory to be found, we need
useful constructions of Gorenstein ideals. We will end this section describing some
constructions which have already been proved useful in the context of G-liaison
theory.

The first way to construct AG schemes is to start with two ACM schemes
whose union is AG and which have no common component, and look at the in-
tersection of those schemes. We call this process the sum of geometrically linked
ideals. More precisely, we have (see [75]) the following theorem.

Theorem 1.3.7. Let X and Y be ACM subschemes of codimension c which have
no common component, and assume that I(X) ∩ I(Y ) is AG. Then I(X) + I(Y )
is AG of codimension c + 1.

Proof. It is enough to apply the mapping cone process to the following commuta-
tive diagram:

0 0
↓ ↓

R(−t) −→ Fc ⊕ Gc

↓ ↓
Hc−1 −→ Fc−1 ⊕ Gc−1

↓ ↓
...

...
↓ ↓

H2 −→ F2 ⊕ G2

↓ ↓
H1 −→ F1 ⊕ G1

↓ ↓
0 −→ I(X) ∩ I(Y ) −→ I(X) ⊕ I(Y ) −→ I(X) + I(Y ) −→ 0

↓ ↓
0 0

where the Hi give a minimal free R-resolution of the AG ideal I(X) ∩ I(Y ), the
Fi give a minimal free R-resolution of I(X), and the Gi give a minimal free R-
resolution of I(Y ). �
Example 1.3.8. Let X ⊂ Pn be an ACM codimension 2 subscheme with h-vector

1 2 3 4 . . . s − 1 0 0 . . . .

We take F and G as two general forms of degree s and we denote by Y ⊂ Pn

the codimension 2 ACM subscheme CI-linked to X via the complete intersection
(F, G). Then X ∩ Y ⊂ Pn is a codimension 3 AG subscheme with h-vector

1 3 6 . . .

(
s

2

) (
s + 1

2

) (
s

2

)
. . . 6 3 1 0 0 . . . .
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Definition 1.3.9. A subscheme X ⊂ Pn satisfies the condition Gr if every localiza-
tion of R/I(X) of dimension ≤ r is a Gorenstein ring. Gr is sometimes referred
to as “Gorenstein in codimension ≤ r”; i.e., the nonlocally Gorenstein locus has
codimension ≥ r + 1. In particular, G0 is generically Gorenstein.

Definition 1.3.10. Let S ⊂ Pn be an ACM subscheme and let F ∈ K[x0, x1, . . . , xn]
be a homogeneous polynomial of degree d not vanishing on any irreducible com-
ponent of S (i.e., I(S) : F = I(S)). Then HF is the divisor on S cut out by F and
we call it the hypersurface section of S cut out by F . As a subscheme of Pn, HF is
defined by the ideal I(S)+ (F ). Note that this ideal is saturated, since S is ACM.

Theorem 1.3.11. Let S ⊂ Pn be an ACM subscheme satisfying G1 and let K be a
canonical divisor on S and H the hyperplane section. Then, any effective divisor
X of the linear system |dH − K|, viewed as a subscheme of Pn, is AG.

Proof. Choose a sufficiently large integer � such that there is a regular section of
ωS(�) defining a twisted canonical divisor Y .

Let F ∈ I(Y ) ⊂ K[x0, x1, . . . , xn] be a homogeneous polynomial of degree
d + � such that F does not vanish on any irreducible component of S, and let HF

be the corresponding hypersurface section. Then X is linearly equivalent to the
effective divisor HF − Y , and we have the isomorphisms

IX|S(d) ∼= OS((d + �)H − X)
∼= OS(Y )
∼= ωS(�).

Suppose that S ⊂ Pn has codimension r. Since S is ACM, the dual of the
minimal free R-resolution of I(S) is a minimal free resolution for H0

∗ (ωS), and the
last free module in this resolution has rank 1. We thus have the following exact
diagram (up to twist – what are important are the ranks):

0
↓

0 R
↓ ↓
Fr F ∗

1

↓ ↓
Fr−1 F ∗

2

↓ ↓
...

...
↓ ↓
F1 F ∗

r

↓ ↓
0 → I(S) → I(X) → H0∗ (ωS)(� − d) ∼= KS → 0.

↓ ↓
0 0
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The Horseshoe lemma then shows that I(X) has a free R-resolution in which
the last free module has rank 1. Since codimX = r + 1, this last free module
cannot split off, so X is AG. Note that this shows that any element in the linear
system of X is AG. �

Theorem 1.3.12. Let S ⊂ Pn be an ACM subscheme satisfying G1 and let C ⊂ S
be an effective divisor. Take any effective divisor C1 in the linear system |C + tH |
where H is a hyperplane section of S and t ∈ Z. Then, C and C1 are G-bilinked.
(Notice that if t = 0, then C and C1 are linearly equivalent.)

Proof. Let us assume that S is smooth. For the general case we refer the reader
to [56, Corollary 5.12].

Let Y be an effective twisted canonical divisor. Choose an integer 0 � a ∈ Z
such that the homogenous ideal I(Y ) of Y contains a form A of degree a not
vanishing on any irreducible component of S. Hence, HA−Y is an effective divisor
on S. Since C1 ∈ |C +tH |, there exist homogeneous forms F and G with deg(F ) =
deg(G)+t and a divisor D such that HF = C1+D and HG = C+D. In particular,
F ∈ I(C1) and G ∈ I(C). By Theorem 1.3.11, the effective divisors HAF − Y and
HAG − Y are AG and one can easily check that

(HAF − Y ) − C1 = (HA − Y ) + (HF − C2)
= (HA − Y ) + D

and

(HAG − Y ) − C = (HA − Y ) + (HG − C)
= (HA − Y ) + D.

Therefore, C1 is directly linked to (HA − Y ) + D by the Gorenstein subscheme
HAF − Y and C is directly linked to (HA − Y ) + D by the Gorenstein subscheme
HAG − Y . So, we conclude that C and C1 are G-linked in two steps. �

Theorem 1.3.12 shows that G-liaison is a theory about divisors on ACM
schemes, just as Hartshorne [42] has shown that CI-liaison is a theory about di-
visors on complete intersections. It is fair to say that most of the results about
G-liaison discovered in the last few years use this result either directly or at least
indirectly (see, for instance, [13], [14], [15]). Let us end this section illustrating
with a nice example how to use Theorem 1.3.12.

Theorem 1.3.12 motivates the following definition.

Definition 1.3.13. Let X ⊂ Pn be a smooth scheme. We say that an effective divisor
C on X is minimal if there is no effective divisor in the linear system |C − H |,
where H is a hyperplane section divisor of X .
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Terminology 1.3.14. To say that a statement holds for a general point of a projec-
tive variety Y means that there exists a countable union Z of proper subvarieties
of Y such that the statement holds for every x ∈ Y \Z. In particular, we say that
a statement holds for a general surface X ⊂ P4 with Hilbert polynomial p(t) if
the statement holds for a general point of an irreducible component of the Hilbert
scheme Hilbp(t)(P4).

From now on, unless otherwise specified the word general, when refers to
elements of projective varieties, will have this meaning. We have the following
theorem.

Theorem 1.3.15. All ACM curves C ⊂ P4 lying on a general, smooth, rational,
ACM surface S ⊂ P4 are glicci; i.e., they belong to the G-liaison class of a complete
intersection.

Sketch of the proof. According to the classification of general, smooth, rational,
ACM surfaces, S is either

(1) a cubic scroll: S = Bl{p1}(P
2) embedded in P4 by means of the linear system

|2E0 − E1|, deg(S) = 3, and Pic(S) ∼= Z2 = 〈E0; E1〉, or
(2) a Del Pezzo surface: S = Bl{p1,...,p5}(P

2) embedded in P4 by means of the lin-
ear system |3E0−

∑5
i=1 Ei|, deg(S) = 4, and Pic(S) ∼= Z6 = 〈E0; E1, . . . , E5〉,

or
(3) a Castelnuovo surface: S = Bl{p1,...,p8}(P

2) embedded in P4 by means of
the linear system |4E0 − 2E1 − ∑8

i=2 Ei|, deg(S) = 5, and Pic(S) ∼= Z9 =
〈E0; E1, . . . , E8〉, or

(4) a Bordiga surface: S = Bl{p1,...,p10}(P
2) embedded in P4 by means of the

linear system |4E0−
∑10

i=1Ei|, deg(S)=6, and Pic(S)∼=Z11 =〈E0;E1,...,E10〉.
For each general, smooth, rational, ACM surface, we classify the minimal

ACM curves C on S (see [56, Section 8]). Finally, we check that each minimal
ACM curve C on S is glicci by direct examination and we apply Theorem 1.3.12
to conclude that any other ACM curve C on S is glicci. �



Chapter 2

CI-liaison and G-liaison of
Standard Determinantal Ideals

It is a classical result, originally proved by F. Gaeta [28], in 1948, and re-proved in
modern language by C. Peskine and L. Szpiro [75], that every ACM codimension 2
subscheme X ⊂ Pn can be CI-linked in a finite number of steps to a complete inter-
section subscheme or, equivalently, all codimension 2, ACM subschemes X ⊂ Pn

are licci. In the first section of this chapter we will sketch a proof of Gaeta’s theo-
rem which can be viewed as a first result on standard determinantal subschemes,
because if X ⊂ Pn is standard determinantal, then X is ACM and, moreover, the
Hilbert–Burch theorem states that, in codimension 2, the converse is also true.

The goal of Section 2.2 of this chapter is to see that in the CI-liaison context
Gaeta’s theorem does not generalize well to subschemes X ⊂ Pn of higher codi-
mension. We will introduce some graded modules which are CI-liaison invariants,
and using them, we will prove the existence of infinitely many different CI-liaison
classes containing standard determinantal schemes. More precisely, we will see that
an ACM curve Ct ⊂ P4, defined by the maximal minors of a t × (t + 1) matrix
with linear entries, has a linear resolution,

0 −→ R(−t − 2)
t2+t

2 −→ R(−t − 1)t2+2t

−→ R(−t)
t2+3t+2

2 −→ I(Ct) −→ 0

and Ct, Ct′ belong to different CI-liaison classes provided t �= t′ (Corollary 2.2.13).
In the last section of this chapter we generalize Gaeta’s theorem and we

prove that standard determinantal schemes are glicci (Theorem 2.3.1). Since in
codimension 2, ACM schemes are standard determinantal, and AG schemes and
complete intersection schemes coincide, this result is indeed a full generalization
of Gaeta’s theorem.
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2.1 CI-liaison class of Cohen–Macaulay
codimension 2 ideals

In 1940s, R. Apéry [3] announced, and F. Gaeta [28] proved, that the initial idea
of M. Noether of studying curves C ⊂ P3 by looking at their residual in a complete
intersection works only for ACM curves in P3; i.e., a curve C ⊂ P3 is in the CI-
liaison class of a complete intersection if and only if C is ACM. Later, in 1974, C.
Peskine and L. Szpiro [75] set the modern base of liaison theory and they proved
that ACM codimension 2 subschemes of Pn form a CI-liaison class. The goal of this
section is to sketch a proof of this result. To this end, we will begin investigating
the relation between CI-linked and G-linked subschemes. In particular, we will
compare the free R-resolution of directly CI-linked and G-linked ideals and the
deficiency modules of CI-linked and G-linked subschemes.

Proposition 2.1.1. Let X, Y ⊂ Pn be two subschemes of codimension c directly
G-linked by an AG subscheme Z ⊂ Pn with sheafified minimal free resolution,

0 −→ OPn(−t) −→ Fc−1 −→ · · ·
−→ F1 −→ IZ −→ 0.

Assume that X is locally Cohen–Macaulay and let

0 −→ Gc −→ Gc−1 −→ · · ·
−→ G1 −→ IX −→ 0

be a locally free resolution of IX . Then there is a locally free resolution of IY of
the following type:

0 −→ G∨
1 (−t) −→ F∨

1 (−t) ⊕ G∨
2 (−t) −→ · · ·

−→ F∨
c−1(−t) ⊕ G∨

c (−t) −→ IY −→ 0.

Proof. Since X and Y are directly G-linked by Z, we have

IX/IZ
∼= Hom(OY ,OZ)
∼= Ext1OPn (OY , IZ)
∼= ExtcOPn (OY ,OPn(−t))
∼= ExtcOPn (OY ,OPn(−n − 1))(n + 1 − t)
∼= ωY (n + 1 − t).

So, we have an exact sequence,

0 −→ IZ −→ IX −→ ωY (n + 1 − t) −→ 0. (2.1)
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The sheafified minimal free resolution for IZ and the locally free resolution
of IX combine with the exact sequence (2.1) to form a commutative diagram,

0 0
↓ ↓

OPn(−t) −→ Gc

↓ ↓
Fc−1 −→ Gc−1

↓ ↓
...

...
↓ ↓
F1 −→ G1

↓ ↓
0 −→ IZ −→ IX −→ ωY (n + 1 − t) −→ 0.

↓ ↓
0 0

Then the mapping cone process applied to this last diagram gives us a locally free
resolution of ωY (n + 1 − t),

0 −→ OPn(−t) −→ Gc ⊕Fc−1 −→ · · · −→ F1 ⊕ G2

−→ G1 −→ ωY (n + 1 − t) −→ 0.

Dualizing and twisting by · ⊗ OPn(−t), we obtain the resolution of OY ,

0 −→ G∨
1 (−t) −→ F∨

1 (−t) ⊕ G∨
2 (−t) −→ · · · −→ F∨

c−1(−t) ⊕ G∨
c (−t)

−→ OPn −→ ExtcOPn (ωY , ωPn) ∼= OY −→ 0

which gives what we want. �
Remark 2.1.2. It is also a nice exercise to compare the degree, the arithmetic
genus, the Hilbert function, and the Hilbert polynomial of two directly CI-linked
(resp., G-linked) ideals. See, for instance, [42] for the complete intersection case
and [72, Corollary 3.6] for the Gorenstein case.

Theorem 2.1.3. Let X, Y ⊂ Pn be two equidimensional locally Cohen–Macaulay
subschemes of the same dimension d ≥ 1 directly G-linked by an AG subscheme
Z ⊂ Pn with a minimal free R-resolution,

0 −→ R(−t) −→ Fn−d−1 −→ · · · −→ F1 −→ I(Z) −→ 0.

Then
Md−i+1(Y ) ∼= M i(X)∨(n + 1 − t) for all 1 ≤ i ≤ d.

Proof. We consider a locally free resolution for the ideal sheaf IXof X as in Propo-
sition 2.1.1,

0 −→ G −→ Gn−d−1
fn−d−1−→ · · · −→ G2

f2−→G1
f1−→IX −→ 0, (2.2)
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where G is locally free and the Gi are free. Then by Proposition 2.1.1 we have a
locally free resolution for the ideal sheaf IY of Y ,

0 −→ G∨
1 (−t) −→ F∨

1 (−t) ⊕ G∨
2 (−t)

gn−d−1−→ · · · −→ G∨
n−d−1(−t) ⊕F∨

n−d−2(−t)
g2−→G∨(−t) ⊕F∨

n−d−1(−t) −→ IY −→ 0. (2.3)

Set Hi := Ker(fi−1) and Ki := Ker(gn−d−i). Cutting (2.3) into short exact se-
quences and beginning from the left, one sees that

0 = Hn−d−2
∗ (K2) ∼= · · · ∼= H2

∗ (Kn−d−2) ∼= H1
∗ (Kn−d−1),

0 = Hn−d−1
∗ (K2) ∼= · · · ∼= H3

∗ (Kn−d−2) ∼= H2
∗ (Kn−d−1),

...

0 = Hn−2
∗ (K2) ∼= · · · ∼= Hd+2

∗ (Kn−d−2) ∼= Hd+1
∗ (Kn−d−1).

Therefore, we have

Md−i+1(Y ) = Hd−i+1
∗ (IY )

∼= Hd−i+1(G∨(−t)) by (2.3)
∼= Hn−d+i−1(G(t − n − 1))∗ by Serre duality
∼= Hn−d+i−2(Hn−d−1(t − n − 1))∗ by (2.2)
...
∼= Hi+1(H2(t − n − 1))∗ by (2.2)
∼= Hi(IX(t − n − 1))∗ by (2.2)

= (M i)∨(X)(n + 1 − t). �

This last theorem says that the deficiency modules are invariant, up to duals
and shifts and re-indexing, in a G-liaison class as well as in a CI-liaison class (see
also [77]). In particular, an important consequence of Theorem 2.1.3 is that the
property of being ACM is invariant in a G-liaison class and in a CI-liaison class,
since this property depends only on the collection of deficiency modules being zero.
In fact, we have the following corollary.

Corollary 2.1.4. Let X, Y ⊂ Pn be two equidimensional locally Cohen–Macaulay
subschemes of the same dimension d ≥ 1. Assume that X and Y are directly
G-linked by Z. Then X is ACM if and only if Y is ACM.

Example 2.1.5. Let C ⊂ P3 be the rational quartic curve parameterized by
(s4, s3t, st3, t4) and with homogeneous ideal I(C) = (x0x3−x1x2, x0x

2
2−x2

1x3, x
3
2−

x1x
2
3, x

3
1 − x2

0x2). The curve C is contained in the complete intersection curve
X ⊂ P3 defined by I(X) = (x0x3 − x1x2, x0x

2
2 − x2

1x3) ⊂ I(C). It is easy to check
that I(X) : I(C) = (x0, x1) ∩ (x2, x3). This implies that C is geometrically CI-
linked to a pair Y = L1 ∪ L2 of disjoint lines. Since a pair of disjoint lines is not
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ACM (indeed, M(Y ) = ⊕t∈ZH1(P3, IY (t)) = H1(P3, IY ) = K �= 0), we conclude
that the rational quartic C ⊂ P3 is not ACM. Geometrically, it is clear that C
is not ACM because it is obtained as a projection of the rational normal quartic
from P4 to P3. Hence, C is not linearly normal or, equivalently, H1(P3, IC(1)) �= 0.

Theorem 2.1.6 (Gaeta’s theorem). Let V ⊂ Pn be a codimension 2 subscheme
defined by the maximal minors of a t× (t + 1) homogeneous matrix A. Then, V is
CI-linked in a finite number of steps to a complete intersection, i.e., V is licci.

Sketch of the proof. We CI-link V to a scheme V1 by means of a complete in-
tersection X ⊂ Pn defined by two minimal generators of I(V ). V1 is standard
determinantal since it is ACM of codimension 2. Gaeta proved that the Hilbert–
Burch matrix A1 defining I(V1) is obtained from the Hilbert–Burch matrix A by
deleting two columns and transposing:

A =

⎛⎜⎜⎜⎜⎜⎜⎝
∗ ∗ ∗ ∗ ∗ • •
∗ ∗ ∗ ∗ ∗ • •
∗ ∗ ∗ ∗ ∗ • •
∗ ∗ ∗ ∗ ∗ • •
∗ ∗ ∗ ∗ ∗ • •
∗ ∗ ∗ ∗ ∗ • •

⎞⎟⎟⎟⎟⎟⎟⎠ ,

A1 =

⎛⎜⎜⎜⎜⎝
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

⎞⎟⎟⎟⎟⎠ .

In this case, we can write I(X) = (F1, F2), where F1 is the determinant of the
matrix obtained by deleting the last column of A, and F2 is the determinant of
the matrix obtained by deleting the penultimate column of A. Going on, in a finite
number of steps, we reach a 1 × 2 matrix, i.e., a complete intersection. �

2.2 CI-liaison class of standard determinantal ideals

We have seen in Theorem 2.1.3 a necessary condition for two schemes to be in
the same CI-liaison class or in the same G-liaison class, one would like to know
if this condition is also a sufficient condition. In particular, since we know that a
scheme X ⊂ Pn is ACM if and only if its deficiency modules vanish, we can ask
the following question.

Question 2.2.1. Do all the standard determinantal schemes belong to the same
CI-liaison class (resp., G-liaison class)?

Or, more generally, the following one.
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Question 2.2.2. Do all the ACM schemes belong to the same CI-liaison class (resp.,
G-liaison class)? Or, equivalently, is there only one CI-liaison (resp., G-liaison)
class containing ACM schemes?

We have seen that there is only one CI-liaison class containing ACM sub-
schemes of codimension 2 and we also have the following result due to P. Schwartau
[80].

Proposition 2.2.3. All codimension c complete intersections X ⊂ Pn belong to the
same CI-liaison class. More precisely, any two complete intersections of the same
codimension are CI-linked in finitely many steps.

Proof. The proof rests on the following observation: If I(X1) = (F1, . . . , Fc−1, F )
and I(X2) = (F1, . . . , Fc−1, G) are two complete intersections of codimension c,
then they are directly CI-linked by the complete intersection I(X) = (F1, . . . ,
Fc−1, FG). So, now starting with arbitrary complete intersections Y1 and Y2,
one can produce a sequence of CI-links from Y1 to Y2 in c steps, just apply the
observation to change one generator at a time. �

The goal of this section is to give, in the context of CI-liaison, a negative
answer to Questions 2.2.1 and 2.2.2 in codimension ≥ 3. More precisely, we will
prove the existence of infinitely many CI-liaison classes containing standard de-
terminantal curves C ⊂ P4 and also the existence of infinitely many CI-liaison
classes containing ACM curves C ⊂ P4 (not necessarily standard). So, in the CI-
liaison context Gaeta’s theorem does not generalize well to subschemes X ⊂ Pn of
higher codimension. Let us start by introducing some graded modules which are
liaison invariants under CI-liaison but not under G-liaison (Theorems 2.2.6 and
2.2.8 and Example 2.2.16); and we will use them to prove the existence of infinitely
many different CI-liaison classes containing standard determinantal curves C ⊂ P4

(Corollary 2.2.13 and Example 2.2.11).

Definition 2.2.4. Let X ⊂ Pn be a locally Cohen–Macaulay equidimensional sub-
scheme. A graded R-module C(X) which depends only on X is a CI-liaison (resp.,
G-liaison) invariant as an R-module (resp., K-module) if there exists a homo-
geneous R- (resp., K-) module isomorphism C(X) ∼= C(X ′) for any X ′ in the
CI-liaison (resp., G-liaison) class of X .

By Theorem 2.1.3, for equidimensional locally Cohen–Macaulay subschemes
X ⊂ Pn, the ith modules of deficiency

M i(X) :=
⊕
t∈Z

Hi(Pn, IX(t)), 1 ≤ i ≤ dim(X),

are CI-liaison invariants (up to shifts and duals). Even more, they are G-liaison in-
variants. We will now describe other CI-liaison invariants which allow us to distin-
guish between many CI-liaison classes which cannot be distinguished by deficiency
modules alone.
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Let X ⊂ Pn+c be a closed subscheme, locally Cohen–Macaulay, equidi-
mensional of dimn > 0.1 If X is ACM, all the CI-liaison invariants M i(X),
1 ≤ i ≤ dim(X), vanish. Our first goal is to describe nontrivial CI-liaison in-
variants of ACM schemes. To this end, we consider a graded free R-resolution of
I = I(X),

· · · ⊕i R(−n2,i) −→ ⊕iR(−n1,i) −→ I −→ 0. (2.4)

We apply the contravariant functor Hom(−,OX) to the sheafification of the exact
sequence (2.4) and we obtain

0 −→ NX −→ ⊕iOX(−n1,i) −→ ⊕iOX(−n2,i).

We take cohomology (Hn∗ OX
∼= Hn+1

m (R/I), A = R/I(X)); and we get a natural
map,

δX : Hn
∗ NX −→ HomR(I, Hn+1

m (A))
∼= HomR(I, Hn+2

m (I)).

This map δX plays an important role; in particular, its kernel and cokernel
are CI-liaison invariants (see Theorem 2.2.6).

Remark 2.2.5. If I/I2 is a free R/I-module, then δX is an isomorphism. In par-
ticular, if X ⊂ Pn+c is a global complete intersection, then δX is an isomorphism.

Theorem 2.2.6. Let X, X ′ ⊂ Pn+c be ACM subschemes of dimension n > 0 directly
CI-linked by a complete intersection Y ⊂ Pn+c. Then

(1) as graded R-modules:

Hi
∗NX

∼= Hi
∗NX′ for 1 ≤ i ≤ n − 1,

ker(δX) ∼= ker(δX′);

(2) as graded K-modules:

Coker(δX) ∼= Coker(δX′);

(3) moreover, if Y ⊂ Pn+c is a complete intersection of type f1, . . . , fc, we have

h0NX = h0NX′ +
c∑

i=1

h0(IX′(fi)) −
c∑

i=1

h0(IX(fi)).

Proof. See [56, Theorem 6.1 and Proposition 9.20]. �
1Throughout this section we work with schemes of dimension n > 0. We want to point out that
the results we give generalize to 0-dimensional schemes and we assume n > 0 to avoid technical
complications.
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As application, we get the following useful criterion to check if an ACM
scheme is licci.

Corollary 2.2.7. Let X ⊂ Pn+c be a closed subscheme of dimension n > 0. If X is
licci, then

(1) Hi
∗NX = 0 for 1 ≤ i ≤ n − 1, and

(2) δX is an isomorphism.

Proof. This follows from Theorem 2.2.6 and the fact that for complete intersections
Y ⊂ Pn+c, Hi∗NY = 0 for 1 ≤ i ≤ n − 1 and δY is an isomorphism (Remark
2.2.5). �

We will now restrict our attention to closed subschemes X ⊂ Pn+3, n >
0, of codimension 3 and we will deduce from the previous results the CI-liaison
invariance of the local cohomology groups

Hi
m(KR/I(X) ⊗R I(X)), i = 0, . . . , n,

where I = I(X) is the homogeneous ideal of X and

KR/I(X) = Ext3R(R/I(X), R)(−n − 4)

is the canonical module of X .

Indeed, let µ Extim(M,−) be the right-derived functor of µH0
m(Hom(M,−)).

Using basic facts on local cohomology, the spectral sequence relating local and
global Ext

Epq
2 := Hp(X, Extq(F ,G)) ⇒ Extp+q(F ,G), (2.5)

and the spectral sequences (see [36, Exp. VI, Théorème 1.6])

Epq
2 :=µ Extp

R(M1, H
q
m(M2)) ⇒µ Extp+q

m (M1, M2), (2.6)

Epq
2 :=µ Hp

m(Extq
R(M1, M2)) ⇒µ Extp+q

m (M1, M2), (2.7)

we obtain the following theorem.

Theorem 2.2.8. Let X ⊂ Pn+3 be an ACM subscheme of codimension 3 (n > 0)
and KX := Ext3R(R/I(X), R)(−n− 4) its canonical module. Then, we have

(1) Hi+1∗ NX
∼= Hi

m(KX ⊗R I(X))(n + 4), 0 ≤ i ≤ n − 2, as graded R-modules;

(2) there exists an exact sequence

0 → Hn−1
m (KX ⊗R I(X))(n + 4) → Hn

∗NX

δX−→ Hom(I(X), Hn+1
m (R/I(X)))

→ Hn
m(KX ⊗R I(X))(n + 4) → 0.
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In particular,

(3) Hi
m(KX⊗RI(X)) are CI-liaison invariants as graded R- (resp., K-) modules,

0 ≤ i < n (resp., 0 ≤ i ≤ n). Moreover, if X is locally Gorenstein, then

Hi
m(KX ⊗R I(X))(n + 4) ∼= Hn−i

m (KX ⊗R I(X))∨, i = 0, . . . , n,

as R-modules.

Proof. (1) Using the spectral sequence (2.6) and the fact that Hq
m(I(X)) = 0 for

q ≤ n + 1, we get that

Extjm(I(X), I(X)) = 0 for j ≤ n + 1. (2.8)

Since X has codimension 3, i.e., pdR I(X) = 2, we also have Extj
R(I(X), I(X)) = 0

for j ≥ 3 and HomR(I(X), I(X)) = R. Therefore, if p+q < n+4 and M1 = M2 =
I(X), the spectral sequence (2.7) consists of at most two nonvanishing terms. By
(2.8), the spectral sequence (2.7) converges to zero, thus we have

Hi
m(Ext2R(I(X), I(X))) ∼= Hi+2

m (Ext1R(I(X), I(X))).

Since NX
∼= Ext1(I(X), I(X)), we get

Hi+1
∗ NX

∼= Hi+1
∗ (Ext1(I(X), I(X)))

∼= Hi+2
m (Ext1R(I(X), I(X)))

∼= Hi
m(Ext2R(I(X), I(X)))

∼= Hi
m(Ext3R(R/I(X), I(X)))

∼= Hi
m(KX ⊗R I(X))(n + 4),

which proves (1).

(2) By the spectral sequence (2.6),

Extn+2
m (I(X), I(X)) ∼= HomR(I(X), Hn+1

m (R/I(X))).

Hence, using the spectral sequence (2.7), we obtain the exactness of

0 → Hn−1
m (KX ⊗R I(X))(n + 4)

→ Hn
∗ NX

δX−→ Hom(I(X), Hn+1
m (R/I(X)))

→ Hn
m(KX ⊗R I(X))(n + 4) → 0

(2.9)

where the zero to the right is by reasons of dimension.

(3) The CI-liaison invariance of Hi
m(KX ⊗R I(X)) immediately follows from

(1), (2), and Theorem 2.2.6. Let us prove the duality. By [44], for any x ∈ X ,



38 Chapter 2. CI-liaison and G-liaison of Standard Determinantal Ideals

(IX/I2
X ⊗ωX)x is Cohen–Macaulay. Hence, Exti(IX/I2

X ⊗ωX , ωX) = 0 for i > 0
by local Gorenstein duality and

Hi+1
m (Ext3R(R/I(X), I(X))) ∼= Hi

∗(Ext3O
Pn+3

(OX , IX))
∼= Hi

∗(IX/I2
X ⊗OX ωX)(n + 4)

∼= Extn−i
OX

(IX/I2
X ⊗OX ωX , ωX)∨(n + 4)

∼= Hn−i
∗ (NX)∨(n + 4).

Therefore, using the first isomorphism of this theorem, we get, for 2 ≤ i ≤ n − 2,

Hi
m(KX ⊗R I(X))(n + 4) ∼= Hi+1

∗ (NX) ∼= Hn−i
m (Ext3R(R/I(X), I(X)))∨(n + 4)

∼= Hn−i
m (KX(n + 4) ⊗R I(X))∨(n + 4)

∼= Hn−i
m (KX ⊗R I(X))∨.

Moreover, by Gorenstein duality, we have

Hi+1
m (KX ⊗ I(X)/I(X)2) ∼= Extn−i

R/I(X)(KX ⊗ I(X)/I(X)2, KX)∨

∼= Extn−i
R/I(X)(I(X)/I(X)2, R/I(X))∨

for i ≥ −1, where the last isomorphism follows from [43] and the fact that X is
locally Gorenstein. Since Hn∗ (NX) ∼= ExtnOX

(IX/I2
X ,OX), we conclude by com-

paring the exact sequence

0 → Extn
R/I(X)(I(X)/I(X)2, R/I(X)) → Extn

OX
(IX/I2

X ,OX)

→ HomR/I(X)(I(X)/I(X)2, Hn+1
m (R/I(X)))

→ Extn+1
R/I(X)(I(X)/I(X)2, R/I(X)) → 0

with the exact sequence (2.9). �

As an application we get another useful criterion to check if a codimension 3
ACM subscheme X of Pn is licci.

Corollary 2.2.9. Let X ⊂ Pn+3 be a closed subscheme of dimension n > 0. If X is
licci, then Hi

m(KX ⊗R I(X)) = 0 for 0 ≤ i ≤ n.

Proof. This follows from Theorem 2.2.8 and the fact that for complete intersections
Y ⊂ Pn+3, Hi

m(KR/I(Y ) ⊗R I(Y )) = 0 for 0 ≤ i ≤ n. �

We are led to pose the following question which, to our knowledge, is still
open.

Question 2.2.10. The question is whether the converse of Corollary 2.2.9 is true;
i.e., is a codimension 3 ACM scheme X ⊂ Pn+3 licci if Hi

m(K ⊗R I(X)) = 0 for
0 ≤ i ≤ n?
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Now, we will illustrate by means of an example how to use Theorem 2.2.8.

Example 2.2.11. Let C ⊂ P4 be a local complete intersection curve of degree d
and arithmetic genus g with an almost linear resolution,

0 → R(−s − 3)a → R(−s − 2)b → R(−s − 1)c1 ⊕ R(−s)c0 → I(C) → 0.

If d + g − 1 − ac0 �= 0, then C is not licci.

Idea of the proof. We compute the dimension,

l(C)µ := dimµ+5 H0
m(KR/I(C) ⊗R I(C)),

of the CI-liaison invariants µ+5H
0
m(KR/I(C) ⊗R I). The exact sequence and the

duality of Theorem 2.2.8 give us (small letters mean dimension)

l(C)µ − l(C)−µ−5 = h1NC(µ) −µ homR(I(C), H2
m(R/I(C))).

Since −2 homR(I, H2
m(R/I(C))) = ac0 and h1NC(−2) = −χNC(−2) = d +

g − 1 (Riemann–Roch’s theorem), we obtain

l(C)−2 − l(C)−3 = h1NC(−2) −−2 homR(I(C), H2
m(R/I(C)))

= d + g − 1 − ac0.

Therefore, by Corollary 2.2.9, if d + g − 1− ac0 �= 0, then C is not licci. �
Remark 2.2.12.

(1) The only smooth connected curve in P4 with a linear resolution (c0 = 0)
which is licci is a line.

(2) The smooth rational normal quartic C ⊂ P4 is not licci. Indeed, (a, b, c1,
c0, s) = (3, 8, 6, 0, 1) and d + g − 1 − ac0 = 3 �= 0.

(3) As examples of smooth ACM curves C ⊂ P4 with an almost linear resolution
we have the following:

(3i) Let S ⊂ P4 be a Castelnuovo surface, consider a general curve C ∈ |5E0 −
2E1 − ∑8

i=2 Ei|, then deg(C) = 9, g(C) = 5, and I(C) has a minimal free
R-resolution,

0 → R(−5)5 → R(−4)12 → R(−3)7 ⊕ R(−2) → I(C) → 0.

(3ii) Let L ⊂ P4 be a line and Q1, Q2, Q3 ⊂ P4 three general hyperquadrics
containing L. We denote by X ⊂ P4 the ACM curve CI-linked to L by
Q1 ∩ Q2 ∩ Q3. Then deg(X) = 7, g(X) = 3, and I(X) has a minimal free
R-resolution,

0 → R(−5)3 → R(−4)6 → R(−3) ⊕ R(−2)3 → I(X) → 0.

It would be nice to describe which invariants (a, b, c1, c0, s) (or which d and g)
occur in Example 2.2.11.
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We will now deduce the existence of infinitely many different CI-liaison classes
containing standard determinantal curves C ⊂ P4, and also the existence of in-
finitely many CI-liaison classes containing ACM curves C ⊂ P4 (not necessarily
standard).

Corollary 2.2.13. Let Ct ⊂ P4 be a local complete intersection ACM curve with a
linear resolution,

0 −→ R(−t − 2)
t2+t

2 −→ R(−t − 1)t2+2t −→ R(−t)
t2+3t+2

2 −→ I(Ct) −→ 0.

For t �= q, Ct and Cq belong to different CI-liaison classes.

Proof. Using the minimal free R-resolution of I(Ct), we compute the Hilbert poly-
nomial of R/I(Ct) and we obtain

pCt(x) =
((

t + 3
4

)
−
(

t + 2
4

))
x − (t − 1)d(Ct) +

(
t + 3

4

)
.

Hence, we have

d(Ct) =
(

t + 3
4

)
−
(

t + 2
4

)
,

pa(Ct) = (t − 1)d(Ct) + 1 −
(

t + 3
4

)
.

We can easily check that d(Ct) + pa(Ct) − 1 �= d(Cq) + pa(Cq) − 1 for t �= q.
Therefore, by Example 2.2.11, Ct and Cq belong to different liaison classes provided
t �= q. �
Remark 2.2.14. Since standard determinantal curves X ⊂ P4, defined by the
maximal minors of a t×(t+2) matrix A with linear entries, have a linear resolution,
we deduce from Corollary 2.2.13 the existence of infinitely many CI-liaison classes
containing standard determinantal curves of codimension 3.

Remark 2.2.15. Corollary 2.2.13 and Remark 2.2.14 show that in the context of
CI-liaison, Gaeta’s theorem does not generalize either to ACM subschemes X ⊂ Pn

of higher codimension or to standard determinantal subschemes X ⊂ Pn of higher
codimension. In the next section, we will try to convince the reader that G-liaison is
a more natural approach if we want to carry out a program in higher codimension.

In Theorem 2.2.8, we have seen that, in codimension 3, the graded modules
Hi

m(KX ⊗R I(X)) are CI-liaison invariants. We would like to know if they are also
G-liaison invariants. Unfortunately, the following example shows that Hi

m(KX ⊗R

I(X)) are not G-liaison invariants. Indeed, we have the following example.

Example 2.2.16. Let Dt ⊂ P4 be an ACM curve defined by the maximal minors
of a t × (t + 2) matrix with linear entries. Dt has a linear resolution . According
to the proof of Example 2.2.11, H0

m(KDt ⊗R I(Dt)) changes when t varies, and it
follows from Theorem 2.3.1 that Dt is glicci. Therefore, H0

m(KX ⊗R I(X)) is not
a G-liaison invariant.
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As another example about the existence of infinitely many different CI-liaison
classes containing ACM curves C ⊂ P4 we have the following one.

Example 2.2.17. Let S ⊂ P4 be a Castelnuovo (resp., Bordiga) surface and let
C ⊂ S be a rational, normal quartic. Consider an effective divisor Ct ∈ |C + tH |,
where H is a hyperplane section of S and 0 ≤ t ∈ Z. It holds that

• Ct is not licci, for all t ≥ 0;

• Ct and Ct′ belong to different CI-liaison classes provided 0 ≤ t < t′.

By Theorem 1.3.12, all these examples of ACM curves Ct = C+tH ⊂ S ⊂ P4,
which belong to different CI-liaison classes, belong to the same G-liaison class. So
the situation drastically changes when we link by means of AG schemes instead
of complete intersections. G-liaison is in many ways more natural than CI-liaison,
and using the fact that, roughly speaking, G-liaison is a theory about generalized
divisors on ACM schemes which collapses to the setting of CI-liaison theory as a
theory of generalized divisors on a complete intersection, we will generalize Gaeta’s
theorem to standard determinantal schemes of arbitrary codimension.

2.3 G-liaison class of standard determinantal ideals

The goal of this section is to prove that standard determinantal schemes are glicci;
i.e., they belong to the G-liaison class of a complete intersection.

Theorem 2.3.1. Let V ⊂ Pn be a standard determinantal scheme of codimension c
defined by the maximal minors of a t × (t + c − 1) homogeneous matrix A. Then,
V is glicci.

Proof. The proof is rather technical and the main idea is the following one.
We denote by B the matrix obtained by deleting a“suitable”column of A and

we call X the subscheme defined by the maximal minors of B. (“Suitable” means
that codim(X) = c − 1. First take, if necessary, a general linear combination of
the rows and columns of A.) We denote by A′ the matrix obtained by deleting a
“suitable” row of B and we call V ′ the subscheme defined by the maximal minors
of A′. (“Suitable” means that codim(V ′) = c. First take, if necessary, a general
linear combination of the rows and columns of B.)

A =

⎛⎜⎜⎜⎜⎝
∗ ∗ ∗ ∗ ∗ ∗ ∗ •
∗ ∗ ∗ ∗ ∗ ∗ ∗ •
∗ ∗ ∗ ∗ ∗ ∗ ∗ •
∗ ∗ ∗ ∗ ∗ ∗ ∗ •
� � � � � � � •

⎞⎟⎟⎟⎟⎠ I(A) = I(V ), codim(V ) = c,
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B =

⎛⎜⎜⎜⎜⎝
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
� � � � � � �

⎞⎟⎟⎟⎟⎠ I(B) = I(X), codim(X) = c − 1,

A1 =

⎛⎜⎜⎝
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

⎞⎟⎟⎠ I(A1) = I(V ′), codim(V ′) = c.

We consider V and V ′ as divisors on X , we show that V and V ′ are G-
bilinked. Indeed, we denote by H the hyperplane section of X and we prove that
V ′ ∈ |V + tH | for a suitable t ∈ Z. Therefore, by Theorem 1.3.12, V and V ′ are
G-bilinked. Hence, in 2t − 2 steps we reach a scheme defined by a 1 × c matrix;
i.e., we arrive at a complete intersection.

As we see the proof is essentially an algorithm describing how the required
links can be achieved. Now, we outline the steps of this algorithm and we refer the
reader to [56, Theorem 3.6] for the complete proof.

Let I ⊂ R be a standard determinantal ideal of codimension c + 1 and let
A be a t × (t + c) homogeneous matrix associated with the ideal I, so I = It(A).
If t = 1, then I is a complete intersection ideal and there is nothing to prove.
Assume t > 1, then our assertion follows by induction on t if we have shown that I
is evenly G-linked to a standard determinantal ideal I ′ generated by the maximal
minors of a (t − 1) × (t + c − 1) matrix A′. Actually we will see that A′ can be
chosen as the matrix obtained by deleting a suitable column and a suitable row
of the matrix A and that I and I ′ are G-linked in two steps (i.e., G-bilinked). In
order to do that, we proceed in several steps and we conclude that V is glicci.

Step 1. Let B be the t × (t + c − 1) matrix obtained by deleting the last column
of A. Then the ideal I(B) has codimension c; i.e., it is a standard determinantal
ideal.

Possibly after elementary row operations we may assume that the maximal
minors of the matrix A′ obtained by deleting the last row of B generate an ideal
I ′ = I(A′) of maximal codimension c + 1.

Step 2. Possibly after elementary column operations we may assume that the
maximal minors of the matrix A1 consisting of the first t − 1 columns of the
matrix A generate an ideal of maximal codimension t. Put J = I(A1). Let d be
the determinant of the matrix which consists of the first t− 1 and the last column
of the matrix A. Then one can show that

(i) I(B) : d = I(B),
(ii) I = (I(B) + dR) : J ,
(iii) I(B) + dJc−1 is a Gorenstein ideal of codimension c + 1, and
(iv) deg I(B) + dJc−1 = deg d· deg(I(B) + Jc−1).



2.3. G-liaison class of standard determinantal ideals 43

Step 3. Consider for i = 0, 1, . . . , c the ideals I(B)+J i. They are Cohen–Macaulay
ideals of degree

deg(I(B) + J i) = i(deg d· deg I(B) − deg I).

Step 4. Comparing degrees, it is now not difficult to check that

(I(B) + dJc−1) : I = I(B) + Jc.

Step 5. Let d′ be the determinant of the matrix consisting of the first t−1 columns
of A′. Then, similarly as above, I(B)+d′Jc−1 is a Gorenstein ideal of codimension
c + 1 and

(I(B) + d′Jc−1) : I ′ = I(B) + Jc.

Step 6. Step 5 says that the ideal I ′ is directly G-linked to I(B) + Jc, while Step
4 says that the ideal I is directly G-linked to I(B) + Jc which proves what we
want. �
Example 2.3.2. We consider a rational normal curve X ⊂ Pn and we will prove
that X is glicci but not licci. It is well known that after a change of coordinates, we
may assume that the homogeneous ideal of I(X) can be generated by the maximal
minors of the matrix (

x0 x1 . . . xn−1

x1 x2 . . . xn

)
.

Hence, X is standard determinantal and therefore glicci by Theorem 2.3.1. On the
other hand, the curve X has a linear free R-resolution,

0 −→ R(−n)bn−1 −→ · · · −→ R(−3)b2 −→ R(−2)b1 −→ I(X) −→ 0,

where bi = i
(

n
i+1

)
. Hence, Example 2.2.11 implies that for n = 4, the curve X is

not licci; i.e., X is not in the CI-liaison class of a complete intersection.

Remark 2.3.3. The way that Gaeta’s theorem is usually stated is that, if X ⊂ Pn

is a codimension 2 subscheme, then X is ACM if and only if X is licci. In higher
codimension, we know that

standard determinantal ⇒ glicci ⇒ ACM.

The first converse is certainly false. The second is still an open problem.
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Chapter 3

Multiplicity Conjecture for
Standard Determinantal Ideals

Let I ⊂ R = K[x1, . . . , xn] be a graded ideal of arbitrary codimension c. Consider
the minimal graded free R-resolution of R/I,

0 −→ ⊕j∈ZR(−j)βp,j(R/I) −→ · · · −→ ⊕j∈ZR(−j)β1,j(R/I) −→ R −→ R/I −→ 0,

where, as usual, we denote by βi,j(R/I) = dimTorR
i (R/I, K)j the (i, j)th graded

Betti number of R/I and by βi(R/I) =
∑

j∈Z
βi,j(R/I) the ith total Betti number

of R/I.
Many important numerical invariants of I and the associated scheme can

be read off from the graded minimal free R-resolution of R/I. For instance, the
Hilbert polynomial, the multiplicity of I, etc. We know well that c ≤ p and equality
holds if and only if R/I is Cohen–Macaulay. We define

mi(I) = min{j ∈ Z | βi,j(R/I) �= 0}

to be the minimum degree shift at the ith step and

Mi(I) = max{j ∈ Z | βi,j(R/I) �= 0}

to be the maximum degree shift at the ith step. We will simply write mi and Mi

when there is no confusion. If R/I is Cohen–Macaulay and has a pure resolution,
i.e., mi = Mi for all i, 1 ≤ i ≤ c, then C. Huneke and M. Miller showed in [51] the
following beautiful formula for the multiplicity of R/I:

e(R/I) =
∏c

i=1 mi

c!
.
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Example 3.0.1. Let X ⊂ Pd be the rational normal curve defined as the image of
the map

µd : P1 −→ Pd, [a : b] 
→ [ad : ad−1b : · · · : abd−1 : bd].

It is well known that the homogeneous ideal of I(X) can be generated by the
maximal minors of the matrix(

x0 x1 . . . xd−1

x1 x2 . . . xd

)
.

Hence, X is standard determinantal and the Eagon–Northcott complex gives us
the minimal linear free R-resolution,

0 −→ R(−d)bd−1 −→ · · · −→ R(−3)b2 −→ R(−2)b1 −→ I(X) −→ 0,

where bi = i
(

n
i+1

)
and

e(R/I(X)) =
∏d−1

i=1 (i + 1)
(d − 1)!

= d = deg(X).

Generalizing their result, J. Herzog, C. Huneke, and H. Srinivasan [46] made
the following conjecture (multiplicity conjecture) which bounds the multiplicity
e(R/I) of a homogeneous ideal I ⊂ R in terms of the maximum and minimum
shifts in its graded minimal free R-resolution.

Conjecture 3.0.2. Let I ⊂ R be a graded ideal of codimension c. If R/I is Cohen–
Macaulay, then ∏c

i=1 mi

c!
≤ e(R/I) ≤

∏c
i=1 Mi

c!
.

Conjecture 3.0.2 has been extensively studied, and partial results have been
obtained. It turns out to be true for the following types of ideals:

• complete intersections [46],

• powers of complete intersection ideals [37],

• perfect ideals with a pure resolution [51],

• perfect ideals with a quasi-pure resolution (i.e., mi ≥ Mi−1) [46],

• perfect ideals of codimension 2 [46],

• Gorenstein ideals of codimension 3 [67],

• perfect stable monomial ideals [46],

• Perfect square free strongly stable monomial ideals [46],

• 0-dimensional subschemes Y that are residual to a zero scheme Z of certain
type [29].
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The goal of this chapter is to establish the multiplicity conjecture (Conjecture
3.0.2) for K-algebras K[x1, . . . , xn]/I, where I is a standard determinantal ideal
of arbitrary codimension c, i.e., an ideal generated by the maximal minors of a
t × (t + c − 1) homogeneous polynomial matrix.

In Section 3.1, we prove the multiplicity conjecture for perfect ideals of codi-
mension 2 (or, equivalently, standard determinantal ideals of codimension 2) and
we give a characterization for the sharpness of the multiplicity conjecture in the
codimension 2 case. In Section 3.2, we determine the minimal and maximal shifts
in the graded minimal free R-resolution of R/I, where I is a standard determi-
nantal ideal of codimension c, in terms of the degree matrix U of A, A is the
homogeneous matrix associated with I; and we state some technical lemmas used
in the inductive process of the proof of our main theorem (cf. Theorem 3.2.6). The
heart of Section 3.2 is completely devoted to proving Conjecture 3.0.2 for standard
determinantal ideals I of arbitrary codimension. To prove it we use induction on
the codimension c of I and, for any c, induction on the size t of the homogeneous
t × (t + c − 1) matrix whose maximal minors generate I by successively deleting
columns and rows of the largest possible degree when we prove the lower bound,
and of the smallest possible degree, when we prove the upper bound. In the last
part of Section 3.2, we answer a question stated by T. Römer in [78], and we prove
that the ith total Betti number βi(R/I) of a standard determinantal ideal I can
be bounded above by a function of the maximal shifts in the minimal graded free
R-resolution of R/I as well as bounded below by a function of both the maximal
and the minimal shifts.

The following remark is very useful.

Remark 3.0.3. In order to establish the multiplicity conjecture for a Cohen–
Macaulay ideal I ⊂ R, it is enough to prove the multiplicity conjecture for the
Artinian reduction J of I. In fact, I and its Artinian reduction J have the same
multiplicity and the same graded Betti numbers.

3.1 The multiplicity conjecture for
Cohen–Macaulay codimension 2 ideals

In this section, we prove the multiplicity conjecture for codimension 2 perfect
ideals. The result was first proved by J. Herzog and H. Srinivasan in [46] where
they also prove the multiplicity conjecture for perfect ideals with a quasi-pure
resolution.

To begin with, we consider a perfect graded ideal I ⊂ R of codimension 2.
According to Hilbert–Burch theorem (see Theorem 1.2.18) there is an r × (r + 1)
homogeneous matrix A = (gij), the Hilbert–Burch matrix, whose maximal minors
generate I, giving rise to a minimal free R-resolution of I,

0 −→ ⊕m−1
i=1 R(−bi)

A−→ ⊕m
j=1R(−aj) −→ I −→ 0.
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Without loss of generality, we may assume a1 ≤ a2 ≤ · · · ≤ am and b1 ≤ b2 ≤
· · · ≤ bm−1. We set uij = deg gij = bi − aj for all i and j and, as usual, we call
U = (uij) the degree matrix of A. Set ui = uii and vi = uii+1. The following
relations were observed, for example, in [48]:

(a) ui ≥ vi ≥ 0 for i = 1, . . . , m − 1;
(b) ui+1 ≥ vi for i = 1, . . . , m − 2;
(c) a1 = v1 + · · · + vm−1 and am = u1 + · · · + um−1;
(d) b1 = v1 + · · · + vm−1 + u1 and bm−1 = u1 + · · · + um−1 + vm−1;
(e) e(R/I) =

∑m−1
i=1 ui(vi + · · · + vm−1).

We can easily check that the integers ui and vi determine the whole degree
matrix U , and conversely any two sequences of integers ui and vi satisfying (a)
and (b) arise from a graded perfect ideal of codimension 2.

Theorem 3.1.1. Let R/I be a graded Cohen–Macaulay algebra of codimension 2.
Then it holds that

m1m2

2!
≤ e(R/I) ≤ M1M2

2!
.

Moreover, m1m2
2! = e(R/I) if and only if R/I has a pure resolution if and only if

e(R/I) = M1M2
2! .

Proof. We consider a minimal free R-resolution of I,

0 −→ ⊕m−1
i=1 R(−bi)

A−→ ⊕m
j=1R(−aj) −→ I −→ 0.

By hypothesis, a1 ≤ a2 ≤ · · · ≤ am and b1 ≤ b2 ≤ · · · ≤ bm−1. So, we have
m1 = a1, m2 = b1, M1 = am, and M2 = bm−1 and we have to prove that

a1b1 ≤ 2e(R/I) ≤ ambm−1.

Let us start with the lower equality. We want to show that

a1b1 = (v1+· · ·+vm−1)(v1+· · ·+vm−1+u1) ≤
m−1∑
i=1

2ui(vi+· · ·+vm−1) = 2e(R/I).

Since

2u1(v1 + · · · + vm−1) ≥ u1(v1 + · · · + vm−1) + v1(v1 + · · · + vm−1)

and 2ui ≥ vi−1 + vi, it suffices to show that

m−1∑
i=2

(vi−1 + vi)(vi + · · · + vm−1)

= (v1 + · · · + vm−1)(v2 + · · · + vm−1).

(3.1)
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The right-hand side of (3.1) may be written as

(v1 + · · · + vm−1)(v2 + · · · + vm−1)
= (v1 + v2)(v2 + · · · + vm−1) + (v2 + · · · + vm−1)(v3 + · · · + vm−1).

Substituting in (3.1) and cancelling the first summand of both sides of the equality,
one obtains

m−1∑
i=3

(vi−1 + vi)(vi + · · · + vm−1) = (v2 + · · · + vm−1)(v3 + · · · + vm−1)

which follows by induction.
In order to prove the upper bound for the multiplicity, we have to show that

2e(R/I) =
m−1∑
i=1

2ui(vi + · · · + vm−1) =
m−1∑
i=1

2vi(u1 + · · · + ui)

≤ (u1 + · · · + um−1)(u1 + · · · + um−1 + vm−1) = ambm−1.

Observing that

2vm−1(u1 + · · · + um−1) ≤ vm−1(u1 + · · · + um−1) + um−1(u1 + · · · + um−1),

and that 2vi ≤ ui + ui+1 for i = 1, . . . , m − 2, it remains to show that

m−2∑
i=1

(u1 + · · · + ui)(ui + ui+1)

= (u1 + · · · + um−1)(u1 + · · · + um−2).

(3.2)

The right-hand side of (3.2) may be written as

(um−2 + um−1)(u1 + · · · + um−2) + (u1 + · · · + um−2)(u1 + · · · + um−3).

The first of these summands cancels against the last summand of the left side of
(3.2), and we obtain

m−3∑
i=1

(u1 + · · · + ui)(ui + ui+1) = (u1 + · · · + um−2)(u1 + · · · + um−3).

Hence the assertion follows by induction.
Finally, we observe that the lower inequality is an equality if and only if

u1 = v1 and 2ui = vi−1 + vi for i = 2, . . . , m − 1 and the upper inequality
turns out to be an equality if and only if vm−1 = um−1 and 2vi = ui + ui+1

for i = 2, . . . , m − 2. Therefore, we have strict inequalities unless I has a pure
resolution. �
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We end this section with the following example.

Example 3.1.2. We consider the ideal I = (z5−2yz2t2 +xt4 + y2u3−xzu3, x4y2−
x5z + z3t3 − yt5 − yz2u3 + xt2u3, x4yz2 − x5t2 + z2t5 − z4u3 − yt3u3 + xu6, x4z3 −
x4yt2 + t7 − z2t2u3 − zt3u3 + yu6) ⊂ K[x, y, z, t, u]. I is a codimension 2 perfect
ideal generated by the maximal minors of the homogeneous matrix

A =

⎛⎝ x y z2 t3

y z t2 u3

z2 t2 u3 x4

⎞⎠ .

The degree matrix is

U =

⎛⎝ 1 1 2 3
1 1 2 3
2 2 3 4

⎞⎠
and I has a minimal free R-resolution of the following type:

0 −→ R(−8)2 ⊕ R(−9) −→ R(−5) ⊕ R(−6) ⊕ R(−7)2 −→ I −→ 0.

So, we have

m1(I) = 5, M1(I) = 7, m2(I) = 8, and M2(I) = 9.

Moreover, e(R/I) = 25 and we can easily check that

m1(I)m2(I)
2!

= 20 ≤ e(R/I) = 25 ≤ M1M2

2!
=

63
2

.

3.2 The multiplicity conjecture for standard

determinantal ideals

We now turn our attention to standard determinantal ideals I of arbitrary codi-
mension c, and we prove the multiplicity conjecture for standard determinantal
ideals I using induction on the codimension c of I.

Let I ⊂ R be a standard determinantal ideal of codimension c generated
by the maximal minors of a t × (t + c − 1) matrix A = (fij)

j=1,...,t+c−1
i=1,...,t where

fij ∈ K[x1, . . . , xn] are homogeneous polynomials of degree aj − bi. The matrix A
defines a degree 0 map

F = ⊕t
i=1R(bi)

A−→ G = ⊕t+c−1
j=1 R(aj),

v 
→ A · vt,

where v = (v1, . . . , vt) ∈ F and we assume, without loss of generality, that A
is minimal; i.e., fij = 0 for all i, j with bi = aj . If we let ui,j = aj − bi for all
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j = 1, . . . , t + c− 1 and i = 1, . . . , t, the matrix U = (ui,j)
j=1,...,t+c−1
i=1,...,t is called the

degree matrix associated with I. By re-ordering degrees, if necessary, we may also
assume that b1 ≥ · · · ≥ bt and a1 ≤ a2 ≤ · · · ≤ at+c−1. In particular, we have

ui,j ≤ ui+1,j and ui,j ≤ ui,j+1 for all i, j. (3.3)

Note that the degree matrix U is completely determined by u1,1, u1,2, . . . ,
u1,c, u2,2, u2,3, . . . , u2,c+1, . . . , ut,t, ut,t+1, . . . , ut,c+t−1 because of the identity
ui,j +ui+1,j+1−ui,j+1−ui+1,j = 0 for all i, j. Moreover, the graded Betti numbers
in the minimal free R-resolution of R/I(A) depend only upon the integers

{ui,j}i≤j≤c+i−1
1≤i≤t ⊂ {ui,j}j=1,...,t+c−1

i=1,...,t

as described below.

Proposition 3.2.1. Let I ⊂ R be a standard determinantal ideal of codimension c
with degree matrix U = (ui,j)

j=1,...,t+c−1
i=1,...,t as above. Then we have

(1) mi = u1,1 + u1,2 + · · · + u1,i + u2,i+1 + u3,i+2 + · · · + ut,t+i−1 for 1 ≤ i ≤ c,
(2) Mi = u1,c−i+1+u2,c−i+2+· · ·+ut,t+c−i+ut,t+c−i+1+ut,t+c−i+2+· · ·+ut,t+c−1

for 1 ≤ i ≤ c,
(3) βi(R/I) =

(
t+c−1
t+i−1

)(
t+i−2
i−1

)
for 1 ≤ i ≤ c.

Proof. We denote by ϕ : F −→ G the morphism of free graded R-modules of rank
t and t + c − 1, defined by the homogeneous matrix A associated with I. The
Eagon–Northcott complex D0(ϕ∗),

0 −→ ∧t+c−1G∗ ⊗ Sc−1(F ) ⊗ ∧tF −→ ∧t+c−2G∗ ⊗ Sc−2(F ) ⊗ ∧tF −→ · · ·
−→ ∧tG∗ ⊗ S0(F ) ⊗ ∧tF −→ R −→ R/I −→ 0

gives us a graded minimal free R-resolution of R/I (See Proposition 1.2.16 (2)).
Now the result follows after a straightforward computation taking into account
that

∧tF = R

(
t∑

i=1

bi

)
,

Sa(F ) =
⊕

1≤i1≤···≤ia≤t

R

⎛⎝ a∑
j=1

bij

⎞⎠ ,

G∗ =
t+c−1⊕
j=1

R(−aj),

∧bG∗ =
⊕

1≤i1<···<ib≤t+c−1

R

⎛⎝−
b∑

j=1

aij

⎞⎠ . �
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We will now fix the notation and prove the technical lemmas needed in the
induction process that we will use later for proving the multiplicity conjecture for
standard determinantal ideals of arbitrary codimension.

Lemma-Definition 3.2.2. Let 0 �= J ⊂ I ⊂ R be homogeneous ideals such that
codim I = codimJ +1 and R/J is Cohen–Macaulay. Let f ∈ R be a homogeneous
element of degree d such that J : f = J . Then the ideal I := J + fI satisfies
codim I = codim I and

Hi
m(R/I) ∼= Hi

m(R/I)(−d) for all i < dim R/I.

In particular, I is unmixed if and only if I is unmixed. We say that I is obtained
by basic double G-link.

Proof. We consider the exact sequence

0 −→ J(−d)
ϕ−→J ⊕ I(−d)

ψ−→I −→ 0,

where the morphisms ϕ and ψ are defined by ϕ(j) = (fj, j) and ψ(j, i) = j − fi.
It is easy to check that this sequence is exact and the corresponding long exact
sequence of local cohomology implies the claim on the cohomology groups. The
second assertion now follows from the cohomological unmixedness criterion [72,
Lemma 2.12]. �

Let us now justify why the name Basic Double G-link was chosen. To this
end we present the above lemma in a more geometric language.

Proposition 3.2.3. Let S ⊂ Pn be an ACM subscheme of dimension r+1 satisfying
the property G0. Let X ⊂ S be an equidimensional subscheme of codimension 1
on S with no embedded components. Let F be a homogeneous element such that
I(S) : F = I(S). Then I(X) and I(S) + FI(X) are G-linked in two steps and we
say that the scheme Y defined by I(S) + FI(X) is a basic double G-link of X.

Proof. See [56, Proposition 5.10]. �

Let I ⊂ R be a homogeneous ideal of codimension c. Assume that I is
standard determinantal and let A (resp., U) be the t × (t + c − 1) homogeneous
matrix (resp., degree matrix) associated with I. Let A′ (resp., U ′) be the (t− 1)×
(t + c − 2) homogeneous matrix (resp., degree matrix) obtained by deleting the
last column and the last row of A, and denote by I ′ the codimension c standard
determinantal ideal generated by the maximal minors of A′. Since the multiplicity
of R/I and R/I ′ are completely determined by the corresponding degree matrices,
it is enough to consider an example of an ideal for any degree matrix. So, from



3.2. The multiplicity conjecture for standard determinantal ideals 53

now on, we take

A :=⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x
u1,1
1 x

u1,2
2 . . . x

u1,c−1
c−1 x

u1,c
c 0 0 . . . 0 0

0 x
u2,2
1 x

u2,3
2 . . . x

u2,c
c−1 x

u2,c+1
c 0 . . . 0 0

0 0 x
u3,3
1 x

u3,4
2 . . . x

u3,c+1
c−1 x

u3,c+2
c . . . 0 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

0 0 . . . 0 x
ut−1,t−1
1 x

ut−1,t
2 . . . x

ut−1,c+t−3
c−1 x

ut−1,c+t−2
c 0

0 0 0 . . . 0 x
ut,t
1 x

ut,t+1
2 . . . x

ut,t+c−2
c−1 x

ut,t+c−1
c

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and A′ :=⎛⎜⎜⎜⎜⎜⎜⎜⎝

x
u1,1
1 x

u1,2
2 . . . x

u1,c−1
c−1 x

u1,c
c 0 0 . . . 0

0 x
u2,2
1 x

u2,3
2 . . . x

u2,c
c−1 x

u2,c+1
c 0 . . . 0

0 0 x
u3,3
1 x

u3,4
2 . . . x

u3,c+1
c−1 x

u3,c+2
c . . . 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

0 0 . . . 0 x
ut−1,t−1
1 x

ut−1,t
2 . . . x

ut−1,c+t−3
c−1 x

ut−1,c+t−2
c

⎞⎟⎟⎟⎟⎟⎟⎟⎠

Let J ⊂ R be the codimension c− 1 standard determinantal ideal generated
by the maximal minors of the t × (t + c − 2) homogeneous matrix

B :=⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x
u1,1
1 x

u1,2
2 . . . x

u1,c−1
c−1 x

u1,c
c 0 0 . . . 0

0 x
u2,2
1 x

u2,3
2 . . . x

u2,c
c−1 x

u2,c+1
c 0 . . . 0

0 0 x
u3,3
1 x

u3,4
2 . . . x

u3,c+1
c−1 x

u3,c+2
c . . . 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

0 0 . . . 0 x
ut−1,t−1
1 x

ut−1,t
2 . . . x

ut−1,c+t−3
c−1 x

ut−1,c+t−2
c

0 0 0 . . . 0 x
ut,t
1 x

ut,t+1
2 . . . x

ut,t+c−2
c−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

obtained by deleting the last column of A.
Analogously, let A′′ (resp., U ′′) be the (t−1)×(t+c−2) homogeneous matrix

(resp., degree matrix) obtained by deleting the first column and the first row of A,
and we denote by I ′′ the codimension c standard determinantal ideal generated
by the maximal minors of A′′. Let C be the t × (t + c − 2) homogeneous matrix
obtained by deleting the first column of A, and let Q ⊂ R be the codimension
c − 1 standard determinantal ideal generated by the maximal minors of C.

The ideal I is obtained from I ′ (resp., I ′′) by a basic double G-link. Indeed,
we have the following lemmas.

Lemma 3.2.4. With the above notation, we have

(1) I = J + x
ut,t+c−1
c I ′ and I = Q + x

u1,1
1 I ′′,

(2) e(R/I) = e(R/I ′) + ut,t+c−1 · e(R/J) and e(R/I) = e(R/I ′′)+ u1,1 · e(R/Q).

Proof. (1) The equalities of ideals are immediate.
(2) follows from [56, Lemma 4.8]. �
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Lemma 3.2.5. With the above notation, we have

(1) mi = mi(I) = mi(I ′) + ut,t+i−1 = m′
i + ut,t+i−1 for all 1 ≤ i ≤ c,

(2) Mi = Mi(I) = Mi(I ′′) + u1,c−i+1 = M ′′
i + u1,c−i+1 for all 1 ≤ i ≤ c,

(3) mi(J) = mi(I) = mi for all 1 ≤ i ≤ c − 1, and
(4) Mi(Q) = Mi(I) = Mi for all 1 ≤ i ≤ c − 1.

Proof. This follows from Proposition 3.2.1. �

Using the fact that the ideal I is obtained from the ideal I ′ (resp., I ′′) by a
basic double G-link, we can now show that Conjecture 3.0.2 is true for standard
determinantal ideals of arbitrary codimension. (see [49], [67], and [68]).

Theorem 3.2.6. Let I ⊂ R be a standard determinantal ideal of codimension c.
Then the following lower and upper bounds hold:

(1) e(R/I) ≥
∏c

i=1 mi

c! , and

(2) e(R/I) ≤
∏c

i=1 Mi

c! .

Moreover,
∏ c

i=1 mi

c! = e(R/I) if and only if R/I has a pure resolution if and only
if e(R/I) =

∏ c
i=1 Mi

c! .

Proof. As we explained above, it is enough to prove the result for the ideal I
generated by the maximal minors of the t × (t + c − 1) matrix

A :=⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x
u1,1
1 x

u1,2
2 . . . x

u1,c−1
c−1 x

u1,c
c 0 0 . . . 0 0

0 x
u2,2
1 x

u2,3
2 . . . x

u2,c
c−1 x

u2,c+1
c 0 . . . 0 0

0 0 x
u3,3
1 x

u3,4
2 . . . x

u3,c+1
c−1 x

u3,c+2
c . . . 0 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

0 0 . . . 0 x
ut−1,t−1
1 x

ut−1,t
2 . . . x

ut−1,c+t−3
c−1 x

ut−1,c+t−2
c 0

0 0 0 . . . 0 x
ut,t
1 x

ut,t+1
2 . . . x

ut,t+c−2
c−1 x

ut,t+c−1
c

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(1) We proceed by induction on the codimension c of I. If c = 1, then I is
a principal ideal and the result is trivial. For c = 2, the result was proved by J.
Herzog and H. Srinivasan in [46]. Assume c ≥ 3. We will now induct on t. If t = 1,
then I is a complete intersection ideal and hence the result is well known. Assume
t > 1. Let A′ (resp., B) be the matrix obtained by deleting the last column and
the last row (resp., the last column) of the matrix A, and let I ′ (resp., J) be the
ideal generated by the maximal minors of A′ (resp., B). Let mi, m′

i, and mi(J)
be the minimal shifts in the graded minimal free R-resolution of R/I, R/I ′, and
R/J , respectively (see Proposition 3.2.1 and Lemma 3.2.5).

By Lemma 3.2.4(2),

e(R/I) = e(R/I ′) + ut,t+c−1 · e(R/J),
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by the induction hypothesis on c and Lemma 3.2.5(3), we have

e(R/J) ≥
∏c−1

i=1 mi(J)
(c − 1)!

=
∏c−1

i=1 mi

(c − 1)!
,

and by the induction hypothesis on t, we have

e(R/I ′) ≥
∏c

i=1 m′
i

(c)!
.

Therefore, since mi = m′
i + ut,t+i−1 (Lemma 3.2.5(1)), we have

c! · e(R/I) ≥
c∏

i=1

mi

if and only if

c∏
i=1

m′
i + cut,t+c−1

c−1∏
i=1

mi ≥
c∏

i=1

mi =
c∏

i=1

(m′
i + ut,t+i−1)

= ut,t+c−1

c−1∏
i=1

mi +
c∏

i=1

m′
i + m′

c

c−2∑
r=0

(ut,t+rm1 . . . mrm
′
r+2 . . . m′

c−1)

= ut,t+c−1

c−1∏
i=1

mi +
c∏

i=1

m′
i +

c−2∑
r=0

(ut,t+rm1 . . .mrm
′
r+2 . . . m′

c−1m
′
c)

if and only if

(c − 1)ut,t+c−1

c−1∏
i=1

mi ≥
c−2∑
r=0

(ut,t+rm1 . . .mrm
′
r+2 . . .m′

c−1m
′
c).

Since, for all integers i, 1 ≤ i ≤ c − 1, and for all integers r, 0 ≤ r ≤ c − 2,
we have the inequalities

mi − m′
i+1

= (u1,1 + u1,2 + · · · + u1,i + u2,i+1 + u3,i+2 + · · · + ut,t+i−1)
− (u1,1 + u1,2 + · · · + u1,i + u1,i+1 + u2,i+2 + u3,i+3 + · · · + ut−1,t+i−1)

= (u2,i+1 − u1,i+1) + (u3,i+2 − u2,i+2) + · · · + (ut,t+i−1 − ut−1,t+i−1) ≥ 0,

and
ut,t+c−1 ≥ ut,t+r,

we obtain

ut,t+c−1

c−1∏
i=1

mi ≥ (ut,t+rm1 . . .mrm
′
r+2 . . . m′

c−1m
′
c)
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for all r, 0 ≤ r ≤ c − 2. So, we have

(c − 1)ut,t+c−1

c−1∏
i=1

mi ≥
c−2∑
r=0

(ut,t+rm1 . . .mrm
′
r+2 . . .m′

c−1m
′
c),

and the lower bound follows.

(2) The upper bound is proved similarly. We again proceed by induction on
the codimension c of I. If 1 ≤ c ≤ 2, then the result holds. So, let us assume c ≥ 3.
We will now induct on t. If t = 1, then I is a complete intersection ideal and the
result is true. Assume t > 1. Let A′′ (resp., C) be the matrix obtained by deleting
the first column and the first row (resp., the first column) of the matrix A, and let
I ′′ (resp., Q) be the ideal generated by the maximal minors of A′′ (resp., C). Let
Mi, M ′′

i , and Mi(Q) be the maximal shifts in the graded minimal free R-resolution
of R/I, R/I ′′, and R/Q, respectively.

By Lemma 3.2.4(2),

e(R/I) = e(R/I ′′) + u1,1 · e(R/Q),

by the induction hypothesis on c and Lemma 3.2.5(4), we have

e(R/Q) ≤
∏c−1

i=1 Mi(Q)
(c − 1)!

=
∏c−1

i=1 Mi

(c − 1)!
,

and by the induction hypothesis on t, we have

e(R/I ′′) ≤
∏c

i=1 M ′′
i

(c)!
.

By Lemma 3.2.5(2), Mi = Mi(I) = Mi(I ′′) + u1,c−i+1 = M ′′
i + u1,c−i+1 for

all 1 ≤ i ≤ c. Therefore, we have

c! · e(R/I) ≤
c∏

i=1

Mi

if and only if

c∏
i=1

M ′′
i + cu1,1

c−1∏
i=1

Mi ≤
c∏

i=1

Mi =
c∏

i=1

(M ′′
i + u1,c−i+1)

= u1,1

c−1∏
i=1

Mi +
c∏

i=1

M ′′
i + M ′′

c

c−2∑
r=0

(u1,c−rM1 . . . MrM
′′
r+2 . . . M ′′

c−1)

= u1,1

c−1∏
i=1

Mi +
c∏

i=1

M ′′
i +

c−2∑
r=0

(u1,c−rM1 . . . MrM
′
r+2 . . . M ′′

c−1M
′′
c )
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if and only if

(c − 1)u1,1

c−1∏
i=1

Mi ≤
c−2∑
r=0

(u1,c−rM1 . . . MrM
′′
r+2 . . . M ′′

c−1M
′′
c ).

Because, for all integers i, 1 ≤ i ≤ c− 1, and all integers r, 0 ≤ r ≤ c− 2, we
have

Mi−M ′′
i+1

=(u1,c−i+1 +u2,c−i+2+ ···+ut−1,t+c−i−1+ut,t+c−i +ut,t+c−i+1 + ···+ut,t+c−1)
−(u2,c−i+1 +u3,c−i+2+ ···+ut,t+c−i−1+ut,t+c−i +ut,t+c−i+1 + ···+ut,t+c−1)

=(u1,c−i+1−u2,c−i+1)+(u2,c−i+2−u3,c−i+2)+ ···+(ut−1,t+c−i−1−ut,t+c−i−1)
≤0

and
u1,1 ≤ u1,c−r,

we deduce

u1,1

c−1∏
i=1

Mi ≤ (u1,c−rM1 . . . MrM
′′
r+2 . . . M ′′

c−1M
′′
c )

for all r, 0 ≤ r ≤ c − 2. Therefore, we have

(c − 1)u1,1

c−1∏
i=1

Mi ≤
c−2∑
r=0

(u1,c−rM1 . . . MrM
′′
r+2 . . . M ′′

c−1M
′′
c ),

and this completes the proof of the upper bound.
Finally, we observe that the lower inequality is an equality if and only if

e(R/I ′) =
∏c

i=1 mi(I ′)
c!

, e(R/J) =
∏c−1

i=1 mi(J)
(c − 1)!

,

ur,r+i−1 − ur−1,r+i−1 = 0 for all 2 ≤ r ≤ t,

ut,t+c−1 = ut,t+r for all 0 ≤ r ≤ c − 2;

and the upper inequality turns out to be an equality if and only if

e(R/I ′′) =
∏c

i=1 Mi(I ′′)
c!

, e(R/Q) =
∏c−1

i=1 Mi(Q)
(c − 1)!

,

ur−1,r+c−i−1 − ur,r+c−i−1 = 0 for all 2 ≤ r ≤ t,

u1,1 = u1,c−r for all 0 ≤ r ≤ c − 2.

Therefore, we have strict inequalities unless I has a pure resolution. �

We will illustrate by means of an example that the bounds given in Theorem
3.2.6 are optimal.
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Example 3.2.7. Let I ⊂ R be a codimension c standard determinantal ideal gen-
erated by the maximal minors of a t × (t + c − 1) matrix whose all entries are
homogeneous polynomials of fixed degree 1 ≤ d ∈ Z. Thus, we have

mi(I) = Mi(I) = td + (i − 1)d for all i, 1 ≤ i ≤ c.

Therefore, we conclude that

e(R/I) =
∏c

i=1 mi(I)
c!

=
∏c

i=1 Mi(I)
c!

=
∏c

i=1(td + (i − 1)d)
c!

= dc

(
t + c − 1

c

)
.

In the last part of this chapter, we address a question which naturally arises in
this context, whether, under the Cohen–Macaulay assumption, the ith total Betti
number βi(R/I) =

∑
j∈Z

βi,j(R/I) can be bounded above by a function of the
maximal shifts in the minimal graded free R-resolution of R/I as well as bounded
below by a function of the minimal shifts. In [78], T. Römer made a natural guess,∏

1≤j<i

mj

mi − mj

∏
i<j≤c

mj

mj − mi
≤ βi(R/I) ≤

∏
1≤j<i

Mj

Mi − Mj

∏
i<j≤c

Mj

Mj − Mi

(3.4)
for i = 1, . . . , c, and he showed that these bounds hold if I is a complete intersection
or componentwise linear. Moreover, in these cases we have equality above or below
if and only if R/I has a pure resolution. Unfortunately, these bounds are not always
valid (see [78, Example 3.1]). For Cohen–Macaulay algebras with strictly quasi-
pure resolution (i.e., mi > Mi−1 for all i), he showed that∏

1≤j<i

mj

Mi − mj

∏
i<j≤c

mj

Mj − mi
≤ βi(R/I) ≤

∏
1≤j<i

Mj

mi − Mj

∏
i<j≤c

Mj

mj − Mi

(3.5)
for i = 1, . . . , c, and again we have equalities if and only if R/I has a pure resolu-
tion. Notice that ∏

1≤j<i

Mj

mi − Mj

∏
i<j≤c

Mj

mj − Mi

may be negative and thus, in general,∏
1≤j<i

Mj

mi − Mj

∏
i<j≤c

Mj

mj − Mi

is not a good candidate for being an upper bound. In [78], T. Römer suggested as
upper bound

βi(R/I) ≤ 1
(i − 1)! · (c − i)!

∏
j 	=i

Mj (3.6)
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for i = 1, . . . , c, and he proved that the lower bound in (3.5) and the upper
bound in (3.6) hold if R/I is Cohen–Macaulay of codimension 2 and Gorenstein
of codimension 3. We will now prove that the lower bound in (3.5) and the upper
bound in (3.6) work for standard determinantal ideals of arbitrary codimension c.

Remark 3.2.8. Let I ⊂ R be a standard determinantal ideal. It is worthwhile to
point out that the ith total Betti number βi(R/I) in the minimal free R-resolution
of R/I depend only upon the size t × (t + c − 1) of the homogeneous matrix A
associated with I (see Proposition 3.2.1).

Theorem 3.2.9. Let I ⊂ R be a standard determinantal ideal of codimension c.
Then, we have∏

1≤j<i

mj

Mi − mj

∏
i<j≤c

mj

Mj − mi
≤ βi(R/I) ≤ 1

(i − 1)! · (c − i)!

∏
j 	=i

Mj (3.7)

for i = 1, . . . , c. In addition, the bounds are reached for all i if and only if R/I has
a pure resolution if and only if ui,j = ur,s for all 1 ≤ i, r ≤ t and 1 ≤ j, s ≤ t+c−1.

Proof. We will first prove the result for J , where J ⊂ R is a standard determinantal
ideal of codimension c whose associated matrix A is a t×(t+c−1) matrix with all
its entries linear forms. In this case, for all i = 1, . . . , c, we have (see Proposition
3.2.1),

mi(J) = Mi(J) = t + i − 1 and βi(R/J) =
(

t + c − 1
t + i − 1

)(
t + i − 2

i − 1

)
.

Therefore, R/J has a pure resolution and it follows from [45] and [51] that∏
1≤j<i

mj(J)
Mi(J) − mj(J)

∏
i<j≤c

mj(J)
Mj(J) − mi(J)

=
∏

1≤j<i

t + j − 1
i − j

∏
i<j≤c

t + j − 1
j − i

= βi(R/J)

=
∏

1≤j<i

t + j − 1
i − j

∏
i<j≤c

t + j − 1
j − i

=
∏

1≤j<i

Mj(J)
mi(J) − Mj(J)

∏
i<j≤c

Mj(J)
mj(J) − Mi(J)

=
1

(i − 1)! · (c − i)!

∏
j 	=i

Mj(J).

We will now prove the general case. Let I be a standard determinantal ideal
of codimension c with associated degree matrix U = (ui,j)

j=1,...,t+c−1
i=1,...,t . Since, for
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all i = 1, . . . , c, we have

Mi(I) ≥ mi(I) ≥ t + i − 1 = mi(J) = Mi(J),

it follows from Proposition 3.2.1(3) and Remark 3.2.8 that

βi(R/I) = βi(R/J) =
∏

1≤j<i

t + j − 1
i − j

∏
i<j≤c

t + j − 1
j − i

=
1

(i − 1)! · (c − i)!

∏
j 	=i

Mj(J) ≤ 1
(i − 1)! · (c − i)!

∏
j 	=i

Mj(I),

and this completes the proof of the upper bound.
Let us now prove the lower bound. Recall that if r ≥ m and s ≥ n, then

ur,s ≥ um,n. Therefore, for 1 ≤ j < i, we get, using Proposition 3.2.1, that

mj =u1,1+u1,2 + ···+u1,j +u2,j+1 +u3,j+2 + ···+ut,t+j−1

≤(t+j−1)ut,t+j−1,

Mi−mj =u1,c−i+1+u2,c−i+2 + ···+ut,t+c−i +ut,t+c−i+1 +ut,t+c−i+2+ ···
+ut,t+c−1−(u1,1 +u1,2+ ···+u1,j +u2,j+1 +u3,j+2 + ···+ut,t+j−1)

≥ut,t+c−i+j +ut,t+c−i+j+1 + ···+ut,t+c−1

≥(i−j)ut,t+c−i+j,

and
mj

Mi − mj
≤ (t + j − 1)ut,t+j−1

(i − j)ut,t+c−i+j
≤ t + j − 1

i − j
.

For i < j ≤ c, we have

mj = u1,1 + u1,2 + · · · + u1,j + u2,j+1 + u3,j+2 + · · · + ut,t+j−1

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
u1,1 + u1,2 + · · · + u1,t+i−1 + · · · + u1,j + u2,j+1 + · · · + ut,t+j−1,

if t + i ≤ j,

u1,1 + · · · + u1,j + u2,j+1 + · · · + ut+i−j,t+i−1 + · · · + ut,t+j−1,

if t + i > j;

Mj − mi = u1,c−j+1 + u2,c−j+2 + · · · + ut,t+c−j + ut,t+c−j+1

+ ut,t+c−j+2 + · · · + ut,t+c−1

− (u1,1 + u1,2 + · · · + u1,i + u2,i+1 + u3,i+2 + · · · + ut,t+i−1)
≥ ut,t+c+i−j + ut,t+c+i−j+1 + · · · + ut,t+c−1

≥
{

u1,t+i + · · · + u1,j + u2,j+1 + · · · + ut,t+j−1, if t + i ≤ j,

ut+i−j+1,t+i + · · · + ut,t+j−1, if t + i > j.
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Therefore, if i < j ≤ c and t + i ≤ j, we get

mj

Mj − mi
≤ u1,1 + u1,2 + · · · + u1,t+i−1

u1,t+i + · · · + u1,j + u2,j+1 + · · · + ut,t+j−1
+ 1

≤ (t + i − 1)u1,t+i−1

(j − i)u1,t+i
+ 1

≤ t + i − 1
j − i

+ 1

=
t + j − 1

j − i
,

and if i < j ≤ c and t + i > j, we get

mj

Mj − mi
≤ u1,1 + · · · + u1,j + u2,j+1 + · · · + ut+i−j,t+i−1

ut+i−j+1,t+i + · · · + ut,t+j−1
+ 1

≤ (t + i − 1)ut+i−j,t+i−1

(j − i)ut+i−j+1,t+i
+ 1

≤ t + i − 1
j − i

+ 1

=
t + j − 1

j − i
.

Hence, putting altogether, we obtain∏
1≤j<i

mj

Mi − mj

∏
i<j≤c

mj

Mj − mi
≤

∏
1≤j<i

t + j − 1
i − j

∏
i<j≤c

t + j − 1
j − i

= βi(R/J)
= βi(R/I),

and this completes the proof of the lower bound. Checking the inequalities we
easily see that we have equality above and below for all 1 ≤ i ≤ c if and only if
R/I has a pure resolution. This concludes the proof of the theorem. �
Remark 3.2.10. Since a complete intersection ideal I of arbitrary codimension and
Cohen–Macaulay ideals of codimension 2 are examples of standard determinantal
ideals, we recover [78, Theorem 2.1 and Corollary 4.2.].
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Chapter 4

Unobstructedness and
Dimension of Families of
Standard Determinantal Ideals

Let Pr be the r-dimensional projective space over a field K and fix a numerical
polynomial p(t) =

∑r
i=0 ai

(
t+r

i

) ∈ Q[t] with ai ∈ Z for all i. We consider the
contravariant functor

Hilbr
p(t) : (Sch/K) −→ (Sets)

defined by

Hilbr
p(t)(S) := { flat families X ⊂ Pr × S of closed subschemes of Pr para-

meterized by S with fibers having Hilbert polynomial p(t)}.

Such functor is called the Hilbert functor. In 1960, A. Grothendieck proved (see
[35, Théorème 3.2]) the following.

There exists a unique scheme Hilbp(t)(Pr) called the Hilbert scheme which
parameterizes a flat family

π : W ⊂ Pr × Hilbp(t)(Pr) −→ Hilbp(t)(Pr)

of closed subschemes of Pr with Hilbert polynomial p(t), and has the following
universal property: For every flat family f : X ⊂ Pr

S = Pr × S −→ S of closed
subschemes of Pr with Hilbert polynomial p(t), there is a unique morphism g :
S −→ Hilbp(t)(Pr), called the classification map for the family f such that π
induces f by base change; i.e., X = S ×Hilbp(t)(Pr) W .

In the usual language of categories we say that the pair (Hilbp(t)(Pr), π)
represents the moduli functor Hilbr

p(t), and π is the universal family. Once the
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existence of the Hilbert scheme Hilbp(t)(Pr) is established, we would like to know
what does the Hilbert scheme look like? Is it smooth or irreducible? What is its
dimension? etc.

It is a classical result of R. Hartshorne that Hilbp(t)(Pr) is connected (see
[38]). It is also well known that if we denote by [X ] the K-point which parame-
terizes a closed subscheme X ⊂ Pr and we denote by IX ⊂ OPr the ideal sheaf of
X in Pr, then there is a canonical isomorphism of K-vector spaces

T[X] Hilbp(t)(Pr) ∼= H0(X,NX), (4.1)

where
NX = HomOX (IX/I2

X ,OX)

is the normal sheaf of X in Pr and T[X] Hilbp(t)(Pr) is the Zariski tangent space of
Hilbp(t)(Pr) at [X ]; and the obstruction space of OHilbp(t)(Pr),[X] is a subspace of
H1(X,NX). In spite of the great progress made during the last decades in the prob-
lem of studying the local and global structure of the Hilbert scheme Hilbp(t)(Pr),
there is no general answer about the smoothness, dimension, and number of irre-
ducible components of Hilbp(t)(Pr).

In this chapter we denote by W (b; a) ⊂ Hilbp(t)(Pn+c) (resp., Ws(b; a)) the
locus of good (resp., standard) determinantal schemes X ⊂ Pn+c of codimension
c defined by the maximal minors of a t × (t + c − 1) matrix

A = (fij)
i=1,...,t
j=0,...,t+c−2

where fij ∈ K[x0, x1, . . . , xn+c] is a homogeneous polynomial of degree aj − bi,
and we address the following three fundamental problems:

(1) to determine the dimension of W (b; a) (resp., Ws(b; a)) in terms of aj and bi,

(2) whether the closure of W (b; a) is an irreducible component of Hilbp(t)(Pn+c),
and

(3) when Hilbp(t)(Pn+c) is generically smooth along W (b; a).

Concerning problem (1) we give an upper bound for the dimension of W (b; a)
(resp., Ws(b; a)) which works for all integers a0, a1, . . . , at+c−2 and b1, . . . , bt, and
we conjecture that this bound is sharp. The conjecture is proved for 2 ≤ c ≤ 5,
and for c ≥ 6 under some numerical restriction on a0, a1, . . . , at+c−2 and b1, . . . , bt.
For problems (2) and (3) we have an affirmative answer for 2 ≤ c ≤ 4 and n ≥ 2,
and for c ≥ 5 under certain numerical assumptions.
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4.1 Families of codimension 2 Cohen–Macaulay
algebras

Definition 4.1.1. A closed subscheme X ⊂ Pn is called unobstructed if Hilbp(t)(Pn)
is smooth at the point [X ]; i.e.,

h0(X,NX) = dimT[X] Hilbp(t)(Pn)

= dim[X] Hilbp(t)(Pn).

For a positive-dimensional ACM scheme X ⊂ Pn the vanishing of the alge-
bra cohomology 0H

2(R, R/I(X), R/I(X)) is sufficient but not necessary for the
unobstructedness.

The first important contribution to the problem of determining the unob-
structedness and the dimension of the family of standard (resp., good) determi-
nantal schemes is due to G. Ellinsgrud [25]. In 1975, he proved that every ACM,
codimension 2 closed subscheme X of Pn+2 is unobstructed (i.e., the correspond-
ing point in the Hilbert scheme Hilbp(t)(Pn+2) is smooth) provided n ≥ 1, and he
also computed the dimension of the Hilbert scheme at [X ]. Recall also that the
homogeneous ideal of an ACM, codimension 2 closed subscheme X of Pn+2 is given
by the maximal minors of a t × (t + 1) homogeneous matrix, the Hilbert–Burch
matrix. That is, such a scheme is standard determinantal. We will devote the first
section of this chapter to Ellingsrud’s theorem.

Theorem 4.1.2 (Ellingsrud’s theorem). Let X0 ⊂ Y0 = Pn
K be an ACM closed

subscheme of codimension 2, and assume dim X0 ≥ 1. Suppose we are given a local
Artinian ring C′, an ideal J ⊂ C′, and its quotient C = C′/J . Suppose we are
given a closed subscheme X ⊂ Y = Pn

C, flat over C and with X ×C K = X0. Then

(1) there is an r×(r+1) matrix ϕ of homogeneous elements of S = C[x0, . . . , xn]
whose maximal minors fi generate the ideal I of X, and give a resolution

0 −→ ⊕r
i=1S(−bi)

ϕ−→⊕r+1
j=1 S(−aj)

f−→S −→ S/I −→ 0,

where f = (fi, . . . , fr+i);
(2) for any lifting ϕ′ of ϕ to S′ = C′[x0, . . . , xn], taking f ′ = (f ′

i , . . . , f
′
r+i to be

the r × r minors of ϕ′, and I ′ the ideal generated by f ′
i , . . . , f

′
r+i, we have an

exact sequence

0 −→ ⊕r
i=1S

′(−bi)
ϕ′
−→⊕r+1

j=1 S′(−aj)
f ′
−→S′ −→ S′/I ′ −→ 0

and defines a closed subscheme X ′ ⊂ Y ′ = Pn
C′ , with X ′ ×C′ C = X; and

(3) any lifting X ′ of X to Y ′, flat over C′, with X ′ ×C′ C = X, arises by lifting
ϕ as in (2).

Proof. See [25, Théorème 2] or [40, Theorem 8.10.]. �
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Corollary 4.1.3. The Hilbert scheme Hilbp(t)(Pn) is smooth at a point correspond-
ing to a codimension 2 ACM closed subscheme X ⊂ Pn. Moreover, if

0 −→ ⊕r
i=1R(−bi) −→ ⊕r+1

j=1R(−aj) −→ R −→ R/I(X) −→ 0

is a free R-resolution of the homogeneous ideal of X, we have

dim[X] Hilbp(t)(Pn) =
∑

aj≥bi

(
aj − bi + n

n

)
+

∑
bi≥aj

(
bi − aj + n

n

)

−
∑

aj≥ai

(
aj − ai + n

n

)
−

∑
bi≥bj

(
bi − bj + n

n

)
+ 1.

Proof. If n ≥ 3, the smoothness of Hilbp(t)(Pn) at [X ] follows from Theorem 4.1.2
and the infinitesimal lifting property of smoothness. Let us compute the dimension.
Since Hilbp(t)(Pn) is smooth at [X ], we have

dim[X] Hilbp(t)(Pn) = dimT[X] Hilbp(t)(Pn).

Using (4.1) we get

dimT[X] Hilbp(t)(Pn) = H0(X,NX)

= dimExt1(IX , IX),

where IX is the ideal sheaf of X . Applying Hom(·, IX) to the exact sequence

0 −→ ⊕r
i=1OPn(−bi) −→ ⊕r+1

j=1OPn(−aj) −→ IX −→ 0,

and taking into account that dimHom(IX , IX) = 1, we obtain

dim Ext1(IX , IX) =
r+1∑
j=1

h0(IX(aj)) −
r∑

i=1

h0(IX(bi)) + 1

=
∑

aj≥bi

(
aj − bi + n

n

)
+

∑
bi≥aj

(
bi − aj + n

n

)

−
∑

aj≥ai

(
aj − ai + n

n

)
−

∑
bi≥bj

(
bi − bj + n

n

)
+ 1.

If n = 2, then X is a 0-dimensional scheme contained in an affine space A2

and the smoothness was proved by J. Fogarty in [26]. �
Example 4.1.4. Let H(3, 0) ⊂ Hilb3t−1(P3) be the open subset parameterizing
equidimensional curves of degree 3 and arithmetic genus 0 without embedded
components. Any twisted cubic [C] ∈ H(3, 0) is ACM and its homogeneous ideal
I(C) has a minimal free R-resolution of the following type:

0 −→ R(−3)2 −→ R(−2)3 −→ R −→ R/I(C) −→ 0.

Therefore, H(3, 0) = W (0, 0; 1, 1, 1), and we conclude that H(3, 0) is smooth con-
nected of dimension 12.
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4.2 Unobstructedness and dimension of families
of determinantal schemes

In this section, using induction on the codimension, we extend Ellingsrud’s theo-
rem, viewed as a statement on standard determinantal schemes of codimension 2,
to arbitrary codimension. We will first write down an upper bound for the dimen-
sion of the locus W (b; a) (resp., Ws(b; a)) of good (resp., standard) determinantal
subschemes X ⊂ Pn+c of codimension c inside the Hilbert scheme Hilbp(s)(Pn+c),
where p(s) ∈ Q[s] is the Hilbert polynomial of X which can be computed explicitly
using the minimal free R-resolution of R/I(X) given by the Eagon–Northcott com-
plex (see Proposition 1.2.16(2) and [11, Proposition 2.4]). Then, we will analyze
when the mentioned upper bound is sharp and we will discuss under which condi-
tions the closure of W (b; a) in Hilbp(s)(Pn+c) is a generically smooth, irreducible
component of Hilbp(s)(Pn+c).

Let X ⊂ Pn+c be a good determinantal scheme of codimension c ≥ 2 defined
by the vanishing of the maximal minors of a t × (t + c − 1) matrix

A = (fji)
j=0,...,t+c−2
i=1,...,t ,

where fji ∈ K[x0, . . . , xn+c] are homogeneous polynomials of degree aj − bi, and
let A = R/I(X) be the homogeneous coordinate ring of X . The matrix A defines
a morphism of locally free sheaves,

ϕ : F :=
t⊕

i=1

OPn+c(bi) −→ G :=
t+c−2⊕
j=0

OPn+c(aj),

and we may assume, without loss of generality, that ϕ is minimal; i.e., fji = 0 for
all i, j with bi = aj.

Now, we consider the affine scheme V = HomO
Pn+c

(F ,G) whose rational
points are the morphisms from F to G. Let Y be the nonempty, open, irreducible
subscheme of V whose rational points are the morphisms ϕλ : F −→ G such that
their associated homogeneous matrix Aλ defines a good determinantal subscheme
Xλ ⊂ Pn+c. The Eagon–Northcott complex of the universal morphism

Ψ : pr∗2F −→ pr∗2G
on Y × Pn+c (where pr2 : Y × Pn+c −→ Pn+c is the natural projection) induces a
morphism,

f : Y −→ W (b; a)

which is defined by f(ϕλ) := Xλ on closed points. We consider the affine group
scheme G := Aut(F) × Aut(G) which is an irreducible open dense subset of

G ⊂ Hom(F ,F) × Hom(G,G) ∼= KΥ,
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where Υ =
∑

i,j

(
bi−bj+n+c

n+c

)
+
∑

i,j

(
ai−aj+n+c

n+c

)
. The affine group scheme G oper-

ates on Y,
σ : G × Y −→ Y; ((α, β), ϕλ) 
→ βϕλα−1.

The action σ is compatible with the morphism f . Thus, at least set-theoretically
f : Y −→ W (b; a) induces a surjective map from the orbit set Y//G to W (b; a).
Moreover, since the map from Y to the closure W (b; a) in Hilbp(s)(Pn+c) is domi-
nant, we get that W (b; a) is irreducible and we have (small letters denote dimen-
sion)

dim W (b; a) ≤ homO
Pn+c (F ,G) − aut(G) − aut(F) + dim(Gλ), (4.2)

where
Gλ = {(δ, τ) ∈ Aut(F) × Aut(G) | τϕλδ−1 = ϕλ}

is the isotropy group of any closed point ϕλ ∈ Y. The following proposition holds.

Proposition 4.2.1. For all ϕλ ∈ Y, we have (we let
(
n+a

a

)
= 0 for a < 0, as usual)

dim(Gλ) = aut(Bλ) +
∑
j,i

(
bi − aj + n + c

n + c

)
, (4.3)

where Bλ = coker(ϕλ).

Proof. Since any automorphism β ∈ Aut(Bλ) lifts and determines automorphisms
βG ∈ Aut(G) and βF ∈ Aut(F) such that the following diagram commutes:

0 −→ F ϕλ−→ G −→ Bλ −→ 0
βF ↓ ↓ βG ↓ β

0 −→ F ϕλ−→ G −→ Bλ −→ 0.

Now we easily can see that Gλ contains a nonempty open subset of Aut(Bλ) ×
HomO

Pn+c
(G,F).

Indeed, for a general β ∈ Aut(Bλ) and a general ρ ∈ HomO
Pn+c

(G,F), the
pair (δ, τ) = (βF + ρϕλ, βG + ϕλρ) belongs to the isotropy group of ϕ because

(βG + ϕλρ)ϕλ(βF + ρϕλ)−1 = (βGϕλ + ϕλρϕλ)(βF + ρϕλ)−1

= (ϕλβF + ϕλρϕλ)(βF + ρϕλ)−1

= ϕλ(βF + ρϕλ)(βF + ρϕλ)−1

= ϕλ.

Conversely, we claim that if (δ, τ) ∈ Gλ, then there exists β ∈ Aut(Bλ) and
ρ ∈ HomO

Pn+c (G,F) such that (δ, τ) = (βF + ρϕλ, βG + ϕλρ). To this end, we
consider the commutative diagram

0 −→ F ϕλ−→ G −→ Bλ −→ 0
δ ↓ ↓ τ ↓ β

0 −→ F ϕλ−→ G −→ Bλ −→ 0,
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where we denote by β ∈ Aut(Bλ) the induced automorphism. Then Im(τ −βG) ⊂
Im(ϕλ) and thus there exists ρ ∈ HomO

Pn+c
(G,F) such that τ = βG + ϕλρ. It

follows that ϕλδ = τϕλ = (βG + ϕλρ)ϕλ = ϕλ(βF + ρϕλ), i.e., δ = βF + ρϕλ.
Hence, we have

dim(Gλ) = aut(Bλ) + homO
Pn+c

(G,F)

= aut(Bλ) +
∑
i,j

h0(OPn+c(bj − ai))

= aut(Bλ) +
∑
j,i

(
bj − ai + n + c

n + c

)
. �

Therefore, using inequality (4.2) and the above proposition, we obtain

dimW (b; a) ≤
∑
i,j

(
ai − bj + n + c

n + c

)
−
∑
i,j

(
ai − aj + n + c

n + c

)
(4.4)

−
∑
i,j

(
bi − bj + n + c

n + c

)
+
∑
j,i

(
bj − ai + n + c

n + c

)
+ aut(Bλ).

We are led to pose the following question.

Question 4.2.2. Does G act transitively on the fibers of f : Y −→ W (b; a)?

Note that if G acts transitively on the fibers of f , then the surjective map
from the orbit set Y//G to W (b; a) will be an isomorphism.

Our next goal is to bound the dimension aut(B) in terms of aj and bi, where
B = coker(ϕ) and ϕ is a closed point of Y (see Proposition 4.2.5). To this end we
need to fix some more notation.

Let Ai be the matrix obtained by deleting the last c − i columns of A. The
matrix Ai defines a morphism,

ϕi : F =
t⊕

s=1

R(bs) −→ Gi :=
t+i−2⊕
j=0

R(aj) (4.5)

of free R-modules, and let Bi be the cokernel of ϕi. Put ϕ = ϕ0, G = Gc, and
B = Bc. Let Mi be the cokernel of ϕ∗

i = HomR(ϕi, R), i.e., let the sequence

G∗
i

ϕ∗
i−→ F ∗ −→ Mi

∼= Ext1R(Bi, R) −→ 0 (4.6)

be exact. If Di
∼= R/IDi is the K-algebra given by the maximal minors of Ai and

Xi = Proj(Di) (i.e., we have the flag R � D2 � D3 � · · · � Dc = A), then Mi

is a Di-module and there is an exact sequence

0 −→ Di −→ Mi(at+i−1) −→ Mi+1(at+i−1) −→ 0 (4.7)
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in which Di −→ Mi(at+i−1) is the regular section which defines Di+1 (see [61]).
Indeed,

0 −→ Mi(at+i−1)∗ = HomDi(Mi(at+i−1), Di) −→ Di −→ Di+1 −→ 0 (4.8)

and we may put Ii := IDi+1/Di
= Mi(at+i−1)∗. A free R-resolution of Mi is given

by Proposition 1.2.16, and we get, in particular, that Mi is a maximal Cohen–
Macaulay Di-module. Using the exact sequence (4.8), we see that Ii is also a
maximal Cohen–Macaulay Di-module. Proposition 1.2.16(3) also gives us KDi(n+
c + 1) ∼= Si−1Mi(�i) where �i :=

∑t+i−2
j=0 aj −

∑t
q=1 bq.

In what follows we always let Zi ⊂ Xi be some closed subset such that
Ui = Xi−Zi ↪→ Pn+c is a local complete intersection. By the well-known fact that
the fitting ideal of Mi is equal to It−1(ϕi), we get that M̃i is locally free of rank
1 precisely on Xi −V (It−1(ϕi)) (see [9, Lemma 1.4.8]). Since the set of nonlocally
complete intersection points of Xi ↪→ Pn+c is precisely V (It−1(ϕi)) by, e.g., [86,
Lemma 1.8], we get that Ui ⊂ Xi − V (It−1(ϕi)) and that M̃i and IXi/I2

Xi
are

locally free on Ui.
Finally note that there is a close relation between Mi+1(at+i−1) and the

normal module NDi+1/Di
:= HomDi(Ii, Di+1) of the quotient Di → Di+1. If we

suppose depthI(Zi) Di ≥ 2, we get, by applying HomDi(Ii, .) to the exact sequence
(4.8), that

0 −→ Di −→ Mi(at+i−1) −→ NDi+1/Di
(4.9)

is exact. Hence, we have an injection Mi+1(at+i−1) ↪→ NDi+1/Di
, which in the

case that depthI(Zi) Di ≥ 3 leads to an isomorphism Mi+1(at+i−1) ∼= NDi+1/Di
.

Indeed, this follows from the more general fact (by letting M = N = Ii) that if
M and N are finitely generated D-modules such that depthI(Z) M ≥ r + 1 and Ñ
is locally free on U := X − Z (X = Proj(D)), then the natural map

Exti
D(N, M) −→ Hi

∗(U,HomOX (Ñ , M̃)) ∼= Hi+1
I(Z)(HomD(N, M)) (4.10)

is an isomorphism, (resp., an injection) for i < r (resp., i = r), cf. [36, Exp. VI].

Lemma 4.2.3. Let M be an R-module. With the above notation, the sequence

0 → HomR(Mi, M) → F ⊗R M → Gi ⊗R M → Bi ⊗R M → 0

is exact and HomR(Mi, M) = TorR
1 (Bi, M).

Proof. We apply HomR(., R) to the exact sequence

0 −→ F −→ Gi −→ Bi −→ 0, (4.11)

and we get

0 → HomR(Bi, R) → G∗
i → F ∗ → Ext1R(Bi, R) = Mi → 0.
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Hence,

0 → HomR(Mi, M) → HomR(F ∗, M) ∼= F ⊗ M → HomR(G∗
i , M) ∼= Gi ⊗ M,

and we get the first exact sequence and HomR(Mi, M) = TorR
1 (Bi, M) by applying

(.) ⊗R M to (4.11). �
Lemma 4.2.4. With the notations above, if X ⊂ Pn+c is a good determinantal
scheme, then depthI(Zi) Di ≥ 1 for 2 ≤ i ≤ c and HomDi(Mi, Mi) = Di.

Proof. If X is a standard determinantal scheme, defined by some t × (t + i − 1)
matrix, and if we delete a column and let Y be the corresponding determinantal
scheme, then Y is also standard determinantal [8]. Hence, if X is good determi-
nantal, it follows that Y is also good determinantal by the definition of a good
determinantal scheme. In particular, all Xi, 2 ≤ i ≤ c, are good determinantal
schemes and hence generic complete intersections. By the definition of Zi, we get
depthI(Zi) Di ≥ 1.

Let Ui = Proj(Di)−Zi and note that M̃i|Ui is an invertible sheaf. Let Sr(Mi)
be the rth symmetric power of the Di-module Mi. For 1 ≤ r ≤ i − 1, Sr(Mi)
are maximal Cohen–Macaulay modules and Si−1(Mi)(�i) ∼= KDi(n + c + 1) (cf.
Proposition 2.2(3)). By (4.10) we have the injections

HomDi(Sr(Mi), Sr(Mi)) ↪→ H0
∗ (Ui,Hom(S̃r(Mi), S̃r(Mi))) ∼= H0

∗ (Ui, D̃i).

Since Si−1(Mi) is a twist of the canonical module on Di and since

Hom(KDi , KDi) ∼= Di,

we get the lemma from the commutative diagram

HomDi(Mi, Mi) ↪→ H0
∗ (Ui, D̃i)

ψ ↓ ‖
HomDi(Si−1(Mi), Si−1(Mi)) ↪→ H0∗ (Ui, D̃i).

Indeed, ψ is injective and we conclude by

Di → HomDi(Mi, Mi) ↪→ HomDi(Si−1(Mi), Si−1(Mi)) ∼= Di. �

We are now ready to bound aut(B).

Proposition 4.2.5. Assume b1 ≤ · · · ≤ bt, a0 ≤ a1 ≤ · · · ≤ at+c−2, and c ≥ 2. Set
� :=

∑t+c−2
j=0 aj −

∑t
i=1 bi. If (c − 1)at+c−2 < �, then aut(B) = 1. Otherwise, we

have

aut(B) ≤
c−3∑
i=1

( ∑
r+s=i

∑
0≤ii<···<ir≤t+i

1≤j1≤···≤js≤t

(−1)i−r

(
hi + ai1 + · · · + air + bj1 · · · + bjs

n + c

))

+
(

h0

n + c

)
+ 1,
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where we set hi := 2at+1+i + at+2+i + · · · + ac+t−3 + ac+t−2 − � + n + c for
i = 0, 1, . . . , c − 3.

Proof. Set S(B) = Supp(Ext1(B,OPn+c)). Since codim(S(B), Pn+c) ≥ 3 and
pd(B) = 1, B is a rank c − 1 reflexive sheaf on Pn+c ([74, Proposition 1.2]).
Moreover, if (c − 1)at+c−2 < � then, by [56, Lemma 10.1(ii)], B is stable and
aut(B) = 1 because stable reflexive sheaves are simple. So, from now on, we as-
sume (c − 1)at+c−2 ≥ � and we will proceed by induction on c by successively
deleting columns from the right side, i.e., of the largest degree. For c = 2 the
result was proved in [25] if n ≥ 1 and in [56] for any n ≥ 0. So, we will assume
c ≥ 3.

Consider the commutative diagram

0 0
↓ ↓

OPn+c(at+c−2) = OPn+c(at+c−2)
↓ ↓

0 −→ ⊕t
i=1OPn+c(bi)

ϕc−→ ⊕t+c−2
j=0 OPn+c(aj) −→ Bc −→ 0

‖ ↓ ↓
0 −→ ⊕t

i=1OPn+c(bi)
ϕc−1−→ ⊕t+c−3

j=0 OPn+c(aj) −→ Bc−1 −→ 0
↓ ↓
0 0

and the exact sequence

0 −→ Hom(Bc−1,Bc) −→ Hom(Bc,Bc)
α−→ Hom(OPn+c(at+c−2),Bc) = H0(Bc(−at+c−2))

−→ Ext1O
Pn+c

(Bc−1,Bc) −→ Ext1O
Pn+c

(Bc,Bc) −→ 0.

Moreover, if we tensor the following exact sequence with . ⊗R Bc:

0 → Dc−1(−at+c−2) −→ Mc−1 −→ Mc −→ 0,

we get

TorR
1 (Bc, Mc−1) −→ TorR

1 (Bc, Mc) −→ Dc−1(−at+c−2) ⊗ Bc

−→ Mc−1 ⊗ Bc
∼= Ext1R(Bc−1, Bc) −→ Mc ⊗ Bc

∼= Ext1R(Bc, Bc) −→ 0.

Applying Lemmas 4.2.3 and 4.2.4, we get

TorR
1 (Bc, Mc−1) = Hom(Mc, Mc−1) = 0

(since Mc is supported in Xc which has codimension 1 in Xc−1 = Supp(Mc−1))
and

TorR
1 (Bc, Mc) = Hom(Mc, Mc) = Dc = A.
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Hence,
H0(Bc(−at+c−2)) → Ext1O

Pn+c
(Bc−1,Bc)

coincides with (Dc−1(−at+c−2) ⊗ Bc)0 → (Mc−1 ⊗ Bc)0 whose kernel is A0
∼= K,

i.e., 1-dimensional. Therefore, dim(im(α)) = 1 which gives us

aut(Bc) = hom(Bc−1,Bc) + 1. (4.12)

We call e ∈ Ext1(Bc−1,OPn+c(at+c−2)) the nontrivial extension (e �= 0) sat-
isfying

e : 0 −→ OPn+c(at+c−2) −→ Bc −→ Bc−1 −→ 0.

We have

0 −→ Hom(Bc−1,OPn+c(at+c−2)) −→ Hom(Bc−1,Bc)
η−→ Hom(Bc−1,Bc−1)

δ−→ Ext1(Bc−1,OPn+c(at+c−2)).

Since δ(1) = e �= 0, we have dim(ker(δ)) ≤ aut(Bc−1) − 1. On the other hand,
using the hypothesis of induction to bound aut(Bc−1), we obtain

hom(Bc−1,Bc)
= hom(Bc−1,O(at+c−2)) + dim(im(η))
= hom(Bc−1,O(at+c−2)) + dim(ker(δ))
≤ hom(Bc−1,O(at+c−2)) + aut(Bc−1) − 1

≤ hom(Bc−1,O(at+c−2)) + 1 − 1 +
(

h0

n + c

)
(4.13)

+
c−4∑
i=1

⎛⎜⎝ ∑
r+s=i

∑
0≤i1<···<ir≤t+i
1≤j1≤···≤js≤t

(−1)i−r

(
hi + ai1 + · · · + air + bj1 · · · + bjs

n + c

)⎞⎟⎠ ,

where we set hi := 2at+1+i+at+2+i+· · ·+at+c−2−�+n+c for all i = 0, 1, . . . , c−3.
Now, we will compute hom(Bc−1,OPn+c(at+c−2)). To this end, we first observe that
Hom(Bc−1,OPn+c) is the first Buchsbaum–Rim module associated with

ϕ∗
c−1 : G∗

c−1 =
t+c−3⊕
j=0

R(−aj) −→ F ∗ :=
t⊕

i=1

R(−bi).

Therefore, we have the following free graded R-resolution:

0 −→ ∧t+c−2G∗
c−1 ⊗ Sc−3(F ) ⊗ ∧tF −→ · · ·

−→ ∧t+i+1G∗
c−1 ⊗ Si(F ) ⊗ ∧tF −→ · · ·

−→ ∧t+1G∗
c−1 ⊗ S0(F ) ⊗ ∧tF −→ Hom(Bc−1,OPn+c) −→ 0.
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Since

∧tF = R

(
t∑

i=1

bi

)
,

Sm(F ) =
⊕

1≤j1≤···≤jm≤t

R(bj1 + · · · + bjm),

∧r(G∗
c−1) =

⊕
0≤i1<···<ir≤t+c−3

R(−ai1 − · · · − air ),

=
⊕

0≤i1<···<it+c−2−r≤t+c−3

R

⎛⎝−
t+c−3∑
j=0

aj + ai1 + · · · + ait+c−2−r

⎞⎠ ,

=
⊕

0≤i1<···<it+c−2−r≤t+c−3

R

⎛⎝−
t+c−2∑
j=0

aj + at+c+2 + ai1 + · · · + ait+c−2−r

⎞⎠ ,

we have

∧t+i+1 (G∗
c−1) ⊗ Si(F ) ⊗ ∧tF

=
⊕

0≤i1<···<ic−3−i≤t+c−3
1≤j1≤···≤ji≤t

R(−� + at+c−2 + ai1 + · · · + aic−3−i + bj1 + · · · + bji).

So,

dimk(∧t+i+1(G∗
c−1) ⊗ Si(F ) ⊗ ∧tF )

=
∑

0≤i1<···<ic−3−i≤t+c−3
1≤j1≤···≤ji≤t

(−� + at+c−2 + ai1 + · · · + aic−3−i + bj1 + · · · + bji + n + c

n + c

)
,

and we conclude that

hom(Bc−1,OPn+c(at+c−2)) (4.14)

=
∑

r+s=c−3

⎛⎜⎝ ∑
0≤i1<···<ir≤t+c−3

1≤j1≤···≤js≤t

(−1)c−3−r

(
hc−3 + ai1 + · · · + air + bj1 + · · · + bjs

n + c

)⎞⎟⎠ ,

where hc−3 = 2at+c−2 − � + n + c. Putting altogether (4.12), (4.13), and (4.14),
we obtain

aut(Bc) ≤
(

h0

n + c

)
+ 1

+
c−3∑
i=1

( ∑
r+s=i

∑
0≤i1<···<ir≤t+i
1≤j1≤···≤js≤t

(−1)i−r

(
hi + ai1 + · · · + air + bj1 · · · + bjs

n + c

))
,
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where we set hi := 2at+1+i +at+2+i + · · ·+at+c−2− �+n+ c for i = 0, 1, . . . , c−3,
which proves Proposition 4.2.5. �
Remark 4.2.6. Note that aut(B) = 1 provided � > 2at+c−2 + at+c−3 + · · · + at+1

and c > 3. (Indeed all binomials in the expression in Proposition 4.2.5 vanish.)

We are now ready to give an upper bound for dimW (b; a).

Theorem 4.2.7. Assume a0 ≤ a1 ≤ · · · ≤ at+c−2, b1 ≤ · · · ≤ bt, and c ≥ 2. Set
� :=

∑t+c−2
j=0 aj −

∑t
i=1 bi and hi := 2at+1+i + at+2+i + · · · + at+c−2 − � + n + c

for i = 0, 1, . . . , c − 3. We have

(1) if (c − 1)at+c−2 < �, then

dimW (b; a) ≤
∑
i,j

(
ai − bj + n + c

n + c

)
−
∑
i,j

(
ai − aj + n + c

n + c

)

−
∑
i,j

(
bi − bj + n + c

n + c

)
+
∑
j,i

(
bj − ai + n + c

n + c

)
+ 1;

(2) if (c − 1)at+c−2 ≥ �, then

dimW (b; a) ≤
∑
i,j

(
ai − bj + n + c

n + c

)
−
∑
i,j

(
ai − aj + n + c

n + c

)

−
∑
i,j

(
bi − bj + n + c

n + c

)
+
∑
j,i

(
bj − ai + n + c

n + c

)
+
(

h0

n + c

)
+ 1

+
c−3∑
i=1

( ∑
r+s=i

∑
0≤i1<···<ir≤t+i
1≤j1≤···≤js≤t

(−1)i−r

(
hi + ai1 + · · · + air + bj1 · · · + bjs

n + c

))
.

Proof. The theorem follows from inequality (4.4) and Proposition 4.2.5. �
Remark 4.2.8. Note that if c > 3 and � > 2at+c−2 + at+c−3 + · · · + at+1, then

dim W (b; a) ≤
∑
i,j

(
ai − bj + n + c

n + c

)
−
∑
i,j

(
ai − aj + n + c

n + c

)

−
∑
i,j

(
bi − bj + n + c

n + c

)
+
∑
j,i

(
bj − ai + n + c

n + c

)
+ 1.

Indeed, this follows from Theorem 4.2.7 and Remark 4.2.6.

Remark 4.2.9. Given integers a0, a1, . . . , at+c−2 and b1, . . . , bt, we always have
dimWs(b; a) = dim W (b; a). In fact, it is an easy consequence of Corollary 1.2.21
and the fact that a standard determinantal scheme is good determinantal if it is
a generic complete intersection, and being a generic complete intersection is an
open condition.
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Example 4.2.10. (a) According to Ellingsrud’s theorem ([25, Théorème 2]), in
codimension 2 case, the bound given in Theorem 4.2.7 is sharp provided n ≥ 1.

(b) According to [56, Proposition 1.12], in codimension 3 case, the bound
given in Theorem 4.2.7 is sharp provided n ≥ 1 and depthI(Z2) D2 ≥ 4.

(c) A Rational normal scroll X ⊂ PN is a nondegenerate variety of minimal
degree (i.e., deg(X) = codim(X)+1) defined by the maximal minors of a 2×(c+1)
matrix with linear entries (c = codim(X)). As an example of rational normal scrolls
we have the smooth, rational normal curves of degree d in Pd. It is well known
that the family of rational normal scrolls of degree d and codimension d− 1 in PN

is irreducible of dimension d(2N + 2 − d) − 3. So, again in this case, the bound
given in Theorem 4.2.7 is sharp.

(d) Every closed subscheme X ⊂ Pn+c with Hilbert polynomial p(t) =(
t+n
n

)
is a linear space of dimension n and it is defined by c linear forms. Hence,

W (0; 1, . . . , 1) = Gr(n + 1, n + c + 1) = Hilbp(t)(Pn+c). It is well known that the
Grassmannian, Gr(n + 1, n + c + 1), is a smooth, irreducible variety of dimension
c(n + 1). So, again the bound given in Theorem 4.2.7 is sharp.

(e) Set p(t) = d1d2d3t− d1d2d3(d1+d2+d3−5)
2 . Let W (d1, d2, d3; 0) ⊂ Hilbp(t)(P4)

be the locus parameterizing complete intersection curves C⊂P4 of type (d1,d2,d3).
It is well known that W (d1, d2, d3; 0) is irreducible of dimension

3∑
i=1

(
di + 4

4

)
−
∑
i,j

(
di − dj + 4

4

)
+
(

d3 − d2 − d2 + 4
4

)
.

Therefore, the bound given in Theorem 4.2.7 is sharp.

We are led to pose the following questions.

Question 4.2.11. Let W (b; a) ⊂ Hilbp(t)(Pn+c) (resp., Ws(b; a)) be the locus of good
(resp., standard) determinantal schemes X ⊂ Pn+c of codimension c defined by
the maximal minors of a t × (t + c − 1) matrix

A = (fij)
i=1,...,t
j=0,...,t+c−2,

where fij ∈ K[x0, x1, . . . , xn+c] is a homogeneous polynomial of degree aj − bi. We
wonder

(1) When is the closure of W (b; a) an irreducible component of Hilbp(t)(Pn+c)?
(2) Is W (b; a) smooth or, at least, generically smooth?
(3) Under which extra assumptions are the bounds given in Theorem 4.2.7 sharp?

We will now address these questions. First, we will show that the inequality
for aut(B) in Proposition 4.2.5 is indeed an equality. To this end, we will compute
aut(B) by a different method, leading to an apparently new formula, and then
prove that they coincide provided we assume that a0 ≤ a1 ≤ · · · ≤ at+c−2 and
b1 ≤ · · · ≤ bt (see Proposition 4.2.14).
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Lemma 4.2.12. There is an exact sequence

0 → HomR(Bc, F ) → HomR(Bc, Gc) → HomR(Bc, Bc) → HomR(Mc, Mc) → 0.

Proof. We apply HomR(Bc, .) to the exact sequence

0 −→ F −→ Gc −→ Bc −→ 0,

and we get the exact sequence

0 → Hom(Bc, F ) → HomR(Bc, Gc) → HomR(Bc, Bc)

→ Ext1R(Bc, F ) = Mc ⊗R F → Ext1(Bc, Gc) = Mc ⊗R Gc.

By Lemma 4.2.3, we have the exact sequence

0 → HomR(Mc, Mc) → Mc ⊗R F → Mc ⊗R Gc,

and we are done. �

Using the Buchsbaum–Rim resolution

0 −→ ∧t+c−1G∗
c ⊗ Sc−2(F ) ⊗ ∧tF −→ · · · −→ ∧t+i+1G∗

c ⊗ Si(F ) ⊗ ∧tF

−→ · · · −→ ∧t+1G∗
c ⊗ S0(F ) ⊗ ∧tF −→ Hom(Bc, R) −→ 0,

we immediately get the following corollary.

Corollary 4.2.13. Set τν := homR(Bc, R)ν . Then,

aut(Bc) = 1 +
t+c−2∑
j=0

τaj −
t∑

i=1

τbi .

Proof. This follows from Lemmas 4.2.4 and 4.2.12 and the isomorphisms

HomR(Bc, F ) ∼= HomR(Bc, R) ⊗ F ∼= ⊕t
i=1 HomR(Bc, R(bi)). �

Proposition 4.2.14. Set Ki := hom(Bi−1, R(at+i−2))0 for 3 ≤ i ≤ c. Suppose
b1 ≤ · · · ≤ bt and a0 ≤ a1 ≤ · · · ≤ at+c−2. Then we have

aut(B) = 1 + K3 + K4 + · · · + Kc,

and the inequality for aut(B) in Proposition 4.2.5 is an equality.

Proof. Dualizing the exact sequence 0 → R(at+c−2) → Bc → Bc−1 → 0, we get

0 → Hom(Bc−1, R) → HomR(Bc, R) → R(−at+c−2) → Mc−1 → Mc → 0

which, together with the exact sequence (4.7), gives us the exact sequence

0 → Hom(Bc−1, R) → HomR(Bc, R) → IDc−1(−at+c−2) → 0. (4.15)
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Look at the commutative diagram

0 0
↓ ↓

Hom(Bc−1, F )0 −→ Hom(Bc−1, Gc)0
↓ ↓

Hom(Bc, F )0 −→ Hom(Bc, Gc)0
↓ ↓

0 = Hom(R(at+c−2), F )0 −→ Hom(R(at+c−2), Gc)0.

By (4.15), Hom(Bc, Gc)0 → Hom(R(at+c−2), Gc)0 is zero because its image is
(IDc−1 ⊗ Gc(−at+c−2))0. Hence, we get

hom(Bc, Gc)0 − hom(Bc, F )0
= hom(Bc−1, Gc−1)0 + hom(Bc−1, R(at+c−2))0 − hom(Bc−1, F )0.

Since we have
aut(Bc) = 1 + hom(Bc, Gc)0 − hom(Bc, F )0

by Lemma 4.2.12 and we may suppose

aut(Bc−1) = 1 + hom(Bc−1, Gc−1)0 − hom(Bc−1, F )0,

we have proved
aut(Bc) = Kc + aut(Bc−1). (4.16)

Now, we conclude by induction taking into account that

aut(B2) = hom(ID2 , ID2 )0 = 1.

Moreover, combining equality (4.16) and the definition of Kc with equality (4.14),
we see that the expression we have for aut(Bc) coincides with the corresponding
binomials in the expression of aut(Bc) in Proposition 4.2.5, and it follows that the
inequality must be an equality. �

So, we can rewrite Theorem 4.2.7 and we have the following proposition.

Proposition 4.2.15. With the above notation,

dimW (b; a) ≤
∑
i,j

(
ai − bj + n + c

n + c

)
−
∑
i,j

(
ai − aj + n + c

n + c

)

−
∑
i,j

(
bi − bj + n + c

n + c

)
+
∑
j,i

(
bj − ai + n + c

n + c

)
+ 1 + K3 + · · · + Kc.

Proof. This follows from inequality (4.4) and Proposition 4.2.14. �
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Remark 4.2.16. One may show that the right-hand side of the inequality for
dimW (b; a) in Proposition 4.2.15 is equal to dim Ext1R(Bc, Bc)0. This indicates
an interesting connection to the deformations of the R-module Bc.

Our next purpose is to analyze when the bound given in Theorem 4.2.7 is
sharp. We will see that, under mild conditions, the upper bound for dimW (b; a)
given above is indeed the dimension of the standard determinantal locus W (b; a)
provided the codimension c is small. Indeed, if 2 ≤ c ≤ 3 and n ≥ 1, this is known
(see [56], [25]). Using induction on c by successively deleting columns of the largest
possible degree, we will see that for 4 ≤ c ≤ 5, this is also the expected dimension
and if c ≥ 6, we also get the expected dimension formula for W (b; a) under more
restrictive assumptions.

If we denote by W (F, G) := W (b; a) and by V(F, Gi) := HomO
Pn+c (F̃ , G̃i)

the affine scheme whose rational points are the morphisms from F̃ to G̃i, we have
by the definition of W (F, Gc) and W (F, Gc−1) a diagram of rational maps,

V(F, Gc) ��

����

V(F, Gc−1)

����
W (F, Gc) W (F, Gc−1),

where the vertical down arrows are dominating and rational and where V(F, Gc) →
V(F, Gc−1) is defined by deleting the last column.

To prove that the upper bound of dimW (F, Gc) of Proposition 4.2.15 is also
a lower bound, we need a deformation-theoretic technical result which computes
the dimension of W (F, Gc) in terms of the dimension of W (F, Gc−1). To do so,
we consider the Hilbert flag scheme D(p, q) parameterizing “pairs” X ⊂ Y of
closed subschemes of Pn+c with Hilbert polynomial p and q, respectively, and
the subset D(F, Gi, Gi−1) of “pairs” X ⊂ Y , where X ∈ W (F, Gi), is a good
determinantal scheme defined by the matrix Ai ∈ V(F, Gi), and Y ∈ W (F, Gi−1)
is a good determinantal scheme defined by the matrix Ai−1 ∈ V(F, Gi−1) obtained
by deleting the last column of Ai. Then the diagram above fits into

V(F, Gc) ��

�� ����������������

����

V(F, Gc−1)

����
D(F, Gc, Gc−1)

p1���������������� p2
�� W (F, Gc−1)

W (b; a) = W (F, Gc)

where p1 and p2 are the restrictions of the natural projections

pr1 : D(p, q) −→ Hilbp(Pn+c) and pr2 : D(p, q) −→ Hilbq(Pn+c),
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respectively, and where V(F, Gc) � D(F, Gc, Gc−1) is dominating and rational by
definition. Denoting

mi(ν) = dimK Mi(at+i−2)ν ,

we have the following proposition.

Proposition 4.2.17. Let c ≥ 3. Suppose W (b; a) �= ∅ and depthI(Zc−1) Dc−1 ≥ 2 for
a general Dc−1 ∈ W (F ; Gc−1). Then

(1) p2 is dominating and dimD(F, Gc, Gc−1) ≥ dimW (F, Gc−1) + mc(0);
(2) dim W (b; a) ≥ dim W (F, Gc−1) + mc(0) − homO

Pn+c (IXc−1 , Ic−1).

Proof. Due to [61, Proposition 3.2], we see that for any Y ∈ W (F, Gc−1), there
exists a regular section R/I(Y ) ↪→ Mc−1(at+c−2) whose cokernel is supported at
some X with dim X < dimY , and such that Mc−1 is the cokernel of the morphism
ϕ∗

c−1 : G∗
c−1 → F ∗. Moreover, for a given Y , the mapping cone construction

shows that for any regular section R/I(Y ) ↪→ Mc−1(at+c−2), there is a morphism
ϕ∗

c : G∗
c → F ∗ which reduces to the given ϕ∗

c−1 by deleting the extra (say the
last) column of the corresponding matrix. This shows that p2 is dominating and
that the fiber p−1

2 (Y ) “contains” the space of regular sections of Mc−1(at+c−2) in
a natural way.

More precisely, note that every Y ∈ W (F, Gc−1) corresponds to some mor-
phism ϕc−1 between the same graded modules F and Gc−1 . These modules de-
termine all free graded modules in the Buchsbaum–Rim resolution D1(ϕ∗

c−1) of
Mc−1 = coker(ϕ∗

c−1) (cf. Proposition 1.2.16). Hence, for all Y ∈ W (F, Gc−1), the
corresponding vector spaces Mc−1(at+c−2)0 have the same dimension. Since by
(4.7) Mc(at+c−2)0 = Mc−1(at+c−2)0/K, it follows that mc(0) is the same number
for all Y ∈ W (F, Gc−1). Now if Y ∈ W (F, Gc−1) is general, we have

dimD(F, Gc, Gc−1) = dimW (F, Gc−1) + dim p−1
2 (Y )

by generic flatness. Hence, it suffices to see that dim p−1
2 (Y ) ≥ mc(0). Pick

(X ⊂ Y ) ∈ p−1
2 (Y ), look at the exact sequence (4.9) and consider the injection

Mc(at+c−2)0 ↪→ (NX/Y )0. In the tangent space (NX/Y )0 of pr−1
2 (Y ) ⊇ p−1

2 (Y )
at (X ⊂ Y ), we therefore have an mc(0)-dimensional family arising from deform-
ing the matrix A = [Ac−1, L] of ϕ∗

c leaving ϕ∗
c−1 (i.e., Ac−1) fixed (L is the last

column of A). We may think of the last column of such a deformation of ϕ∗
c as

L +
∑mc(0)

i=1 tiL
(i) mod (t1, t2, . . . , tmc(0))

2, where the ti’s are indeterminates and
where the degree matrix of the columns L(i) are exactly the same as that of L.
Since the degeneracy locus of the t × (t + c − 1) matrix [Ac−1, L +

∑mc(0)
i=1 tiL

(i)]
defines a flat family over some open subset T of Spec(K[t1, . . . , tmc(0)]) containing
the origin (because the Eagon–Northcott complex over Spec(K[t]) must be acyclic
over some T provided the pullback to (0) ∈ Spec(K[t]) is acyclic), we see that the
fiber p−1

2 (Y ) contains an mc(0)-dimensional (linear) family, as required. Hence, p2

is dominating and

dimD(F, Gc, Gc−1) ≥ dim W (F, Gc−1) + mc(0).
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(2) It is straightforward to get (2) from (1). Indeed,

dimD(F, Gc, Gc−1) − dimW (b; a) ≤ dim p−1
1 (Dc),

and since p−1
1 (Dc) is contained in the full fiber of the first projection pr1 :D(p,q)→

Hilbp(Pn+c) whose fiber dimension is known to have hom(IXc−1 , Ic−1) as an upper
bound (see, e.g., [56, Chapter 9]), we easily conclude. �

Proposition 4.2.17 allows us, under some assumptions, to find a lower bound
for dim W (b; a) provided we have a lower bound for dimW (F, Gc−1). Indeed, since
it is easy to find mi(0) using the Buchsbaum–Rim resolutionof Mi, or by using
the exact sequence (4.7) recursively, it remains to find hom(IXi , Ii) in terms of
hom(IXi−1 , Ii−1).

Lemma 4.2.18. Set a = at+i−2 − at+i−1.

(1) If Ext1Di−1
(IDi−1 ⊗ I∗i−1, Ii−1)ν+a = 0 and depthI(Zi−1) Di−1 ≥ 3, then

hom(IDi , Ii)ν ≤ dim(Di)ν+a + hom(IDi−1 , Ii−1)ν+a.

(2) If Ext2Di−1
(IDi−1 ⊗ I∗i−1, Ii−1)ν+a = 0 and depthI(Zi−1) Di−1 ≥ 4, then

Ext1Di−1
(IDi−1/I2

Di−1
, Ii−1)ν+a = 0 ⇒ Ext1Di

(IDi/I2
Di

, Ii)ν = 0.

Remark 4.2.19. Since Ii−1 = Mi−1(at+i−2)∗, we have also

Ext1Di−1
(IDi−1 ⊗I∗i−1, Ii−1(a)) ∼= Ext1Di−1

(IDi−1 ⊗Mi−1, M
∗
i−1(−at+i−2−at+i−1)).

Proof. (1) We consider the two exact sequences

0 → HomR(Ii−1, Ii) → HomR(IDi , Ii) → HomR(IDi−1 , Ii), (4.17)
0 → HomDi−1(IDi−1 ⊗ I∗i−1, Ii−1) → HomDi−1(IDi−1 ⊗ I∗i−1, Di−1)
→ HomDi−1(IDi−1 ⊗ I∗i−1, Di). (4.18)

We have depthI(Zi−1)Di−1≥3 and hence depthI(Zi−1)Di≥2 and depthI(Zi−1)Ii≥
2, and we get by (4.10)

Hom(Ii−1, Ii) ∼= H0
∗ (Ui−1,Hom(Ii−1, Ii))

∼= H0
∗ (Ui−1,HomOXi

(Ii−1 ⊗OXi−1
OXi ⊗ I∗

i ,OXi))
∼= Di(a)

(4.19)

because, by the exact sequence (4.7),

M̃i−1(at+i−2) ⊗OXi−1
OXi |Ui−1

∼= M̃i(at+i−1)(a)|Ui−1

and hence
Ii−1 ⊗OXi−1

OXi |Ui−1
∼= Ii(−a)|Ui−1 .
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For similar reasons,

HomDi−1(IDi−1 ⊗ I∗i−1, Di−1) ∼= H0
∗ (Ui−1,Hom(IXi−1/I2

Xi−1
⊗ I∗

i−1,OXi−1))
∼= H0

∗ (Ui−1,Hom(IXi−1/I2
Xi−1

, Ii−1))
∼= HomR(IDi−1 , Ii−1),

and

HomR(IDi−1 , Ii) ∼= H0
∗ (Ui−1,HomOXi

(IXi−1/I2
Xi−1

⊗ I∗
i ,OXi))

is further isomorphic to

HomDi−1(IDi−1 ⊗ I∗i−1, Di(a))
∼= H0

∗ (Ui−1,HomOXi
(IXi−1/I2

Xi−1
⊗ I∗

i−1 ⊗OXi−1
OXi ,OXi(a))).

Putting all this together, we get that the exact sequences (4.17) and (4.18) reduce,
in degree ν and ν + a, respectively, to

0 → (Di)ν+a → HomR(IDi , Ii)ν

→ HomR(IDi−1 , Ii)ν
∼= HomDi−1(IDi−1 ⊗ I∗i−1, Di)ν+a,

(4.20)

0 → Hom(IDi−1 ⊗ I∗i−1, Ii−1)ν+a → HomR(IDi−1 , Ii−1)ν+a

→ HomDi−1(IDi−1 ⊗ I∗i−1, Di)ν+a → 0
(4.21)

where the sequence (4.21) is short exact by assumption. Taking dimensions, we
immediately get

hom(IDi , Ii)ν ≤ dim(Di)ν+a + hom(IDi−1 , Ii−1)ν+a

provided Ext1Di−1
(IDi−1 ⊗ I∗i−1, Ii−1)ν+a = 0 and depthI(Zi−1) Di−1 ≥ 3.

(2) As in (4.19), we see that

Ext1Di−1
(Ii−1, Ii) ∼= H1

∗ (Ui−1,OXi(a)) = 0. (4.22)

Sheafifying the exact sequences (4.20) and (4.21) and taking global sections, we
get

0 → H1
∗ (Ui−1,Hom(IXi/I2

Xi
, Ii(−a))) → H1

∗ (Ui−1,Hom(IXi−1/I2
Xi−1

, Ii(−a)))

‖
→ H1

∗ (Ui−1,Hom(IXi−1 ⊗ I∗
i−1,OXi−1 )) → H1

∗ (Ui−1,Hom(IXi−1 ⊗ I∗
i−1,OXi))

→ H2
∗ (Ui−1,Hom(IXi−1 ⊗ I∗

i−1, Ii−1)).
(4.23)

Since
Hom(IXi−1 ⊗ I∗

i−1,OXi−1) ∼= Hom(IXi−1/I2
Xi−1

, Ii−1),
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then depthI(Zi−1) Di−1 ≥ 4 and (4.10) show that the Hi∗-groups of (4.23) are iso-
morphic to the Exti-groups in the following diagram of exact horizontal sequences:

0 → Ext1Di
(IDi/I2

Di
, Ii) → Ext1Di−1

(IDi−1/I2
Di−1

, Ii)

‖
→ Ext1Di−1

(IDi−1/I2
Di−1

, Ii−1(a)) → Ext1Di−1
(IDi−1 ⊗ I∗i−1, Di(a))

→ Ext2Di−1
(IDi−1 ⊗ I∗i−1, Ii−1(a))

(4.24)

Using (4.24) we easily get that

Ext1Di−1
(IDi−1/I2

Di−1
, Ii−1)ν+a = 0 ⇒ Ext1Di

(IDi/I2
Di

, Ii)ν = 0

provided Ext2Di−1
(IDi−1 ⊗ I∗i−1, Ii−1)ν+a = 0 and depthI(Zi−1) Di−1 ≥ 4. �

Remark 4.2.20. By (4.20) the conclusion of Lemma 4.2.18 obviously holds provided
we have HomR(IDi−1 , Ii)ν = 0. Using the Eagon–Northcott resolution of IDi−1

(i.e., of Di−1), one may see that this Homν-group vanishes if at+i−2 is large enough.

Put

λc :=
∑
i,j

(
ai − bj + n + c

n + c

)
+
∑
i,j

(
bj − ai + n + c

n + c

)

−
∑
i,j

(
ai − aj + n + c

n + c

)
−
∑
i,j

(
bi − bj + n + c

n + c

)
+ 1,

where the indices belonging to aj (resp., bi) ranges over 0 ≤ j ≤ t + c − 2 (resp.,
1 ≤ i ≤ t). We define λc−1 by the analogous expression where now aj (resp., bi)
ranges over 0 ≤ j ≤ t + c − 3 (resp., 1 ≤ i ≤ t). It follows after a straightforward
computation that

λc = λc−1 +
t∑

i=1

(
at+c−2 − bi + n + c

n + c

)
(4.25)

−
t+c−3∑
j=0

(
at+c−2 − aj + n + c

n + c

)
−

t+c−2∑
j=0

(
aj − at+c−2 + n + c

n + c

)
.

We will now show that the inequalities in Theorem 4.2.7 are equalities under
certain assumptions. Recalling the equivalent expression of the upper bound of
dimW (b; a) given in Proposition 4.2.15, we have the following theorem.

Theorem 4.2.21. Let a0 ≤ a1 ≤ · · · ≤ at+c−2 and b1 ≤ · · · ≤ bt and assume
ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t. Let c ≥ 3 and let W (b; a) be the locus of
good determinantal schemes in Pn+c, where n ≥ 0 if c ≥ 4 and n ≥ 1 if c = 3.
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For a general Proj(A) ∈ W (b; a), let R � D2 � D3 � · · · � Dc = A be the flag
obtained by successively deleting columns from the right-hand side. If

Ext1Di−1
(IDi−1 ⊗ I∗i−1, Ii−1)ν = 0 for ν ≤ 0 and 3 ≤ i ≤ c − 1,

then
dimW (b; a) = λc + K3 + K4 + · · · + Kc,

where Ki = hom(Bi−1, R(at+i−2))0 for 3 ≤ i ≤ c.

Remark 4.2.22. If c = 2 and n ≥ 1, one knows by [25] that

dimW (b; a) = λ2.

The same formula holds if c = 2 and n = 0 as well (see [26]). In this case one may
get the formula by taking a general Proj(A) ∈ W (b; a) and show that

homR(IA, A)0 = ext1R(IA, IA)0 = λ2

by, e.g., using [57, equation (26)].

Proof. Due to Remark 1.2.22 and the assumption ai−min(2,t) ≥ bi for min(2, t) ≤
i ≤ t, the set Zi = Sing(Xi) satisfies depthI(Zi) Di ≥ 3 for 2 ≤ i ≤ c − 2 and
depthI(Zc−1) Dc−1 ≥ 2 (and also depthI(Z2) D2 ≥ 3 in case c = 3 since n ≥ 1) by
choosing X = Proj(A) general in W (b; a).

To use Proposition 4.2.17, we only need to compute hom(IDc−1 , Ic−1)0 and
mc(0) because we may, by induction, suppose that dimW (F, Gc−1) = λc−1 +K3+
· · · + Kc−1 for c ≥ 3 (interpreting the expression as λ2 when c − 1 = 2). By (4.7)
and (4.6) we get

m0(c) = dim Mc−1(at+c−2)0 − 1 (4.26)
= dim F ∗(at+c−2)0 − dimG∗

c−1(at+c−2)0 + hom(Bc−1, R(at+c−2))0 − 1

=
t∑

i=1

(
at+c−2 − bi + n + c

n + c

)
−

t+c−3∑
j=0

(
at+c−2 − aj + n + c

n + c

)
+ Kc − 1.

Thanks to Lemma 4.2.18, we can find an upper bound of hom(IDc−1 , Ic−1)0.
We have

hom(IDc−1 , Ic−1)0 ≤
(

a + n + c

n + c

)
+ hom(IDc−2 , Ic−2)a

because a = at+c−3 − at+c−2 ≤ 0 and dim(Di)a, which is either 0 or 1, must be
equal to the binomial coefficient above. Repeated use of Lemma 4.2.18 implies

hom(IDc−1 , Ic−1)0 ≤
t+c−3∑
j=t+1

(
aj − at+c−2 + n + c

n + c

)
+ hom(ID2 , I2)at+1−at+c−2 .

(4.27)
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It remains to compute hom(ID2 , I2)α with α = at+1 − at+c−2. Using (4.10)
(cf. the proof of Lemma 4.2.18), we get

Hom(ID2 , I2) ∼= HomD2(ID2 ⊗ I∗2 , D2)
∼= HomD2(ID2 ⊗ M2(at+1), D2).

Moreover, if �2 =
∑t

j=0 aj−
∑t

i=1 bi, then M2
∼= KD2(−�2+n+c+1) by Proposition

1.2.16. In codimension c = 2, one knows that

(ID2/I2
D2

)∗ ∼= Ext1R(ID2 , ID2)
∼= Ext1R(ID2 , D2) ⊗ ID2

∼= KD2(n + c + 1) ⊗ ID2 ,

and since depthI(Z2) D2 ≥ 3 and, hence, depthI(Z2) ID2/I2
D2

≥ 2 (because the
codepth of ID2/I2

D2
is less than or equal to 1 by [4]), we get

Hom(ID2 , I2)α
∼= Hom(ID2 ⊗ KD2(n + c + 1), D2)(�2 − at+1)α

∼= (ID2/I2
D2

)∗∗(�2 − at+1)α

∼= (ID2/I2
D2

)�2−at+c−2 .

(4.28)

Thus the inequality aj ≤ at+c−2 and the exact sequences

0 → F → G2 = ⊕t
j=0R(aj) → ID2 (�2) → 0,

0 → ∧2F → F ⊗ G2 → S2G2 → I2
D2

(2�2) → 0
(4.29)

show that

hom(ID2 , I2)α = dim(G2)−at+c−2 =
t∑

j=0

(
aj − at+c−2 + n + c

n + c

)
.

Using this last inequality together with (4.26), (4.27), and Proposition 4.2.17,
we get by induction

dim W (b; a)

≥ λc−1 + K3 + · · · + Kc−1 +
t∑

i=1

(
at+c−2 − bi + n + c

n + c

)

−
t+c−3∑
j=0

(
at+c−2 − aj + n + c

n + c

)
+ Kc − 1 −

t+c−3∑
j=0

(
aj − at+c−2 + n + c

n + c

)
= λc + K3 + K4 + · · · + Kc,

where the last equality is due to equality (4.25). Combining with Proposition
4.2.15, we get the theorem. �
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Note that the vanishing assumption of Theorem 4.2.21 is empty if c = 3.
Hence, we have the following corollary.

Corollary 4.2.23. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 1 and c = 3. If ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t, then

dimW (b; a) = λ3 + K3. �

Remark 4.2.24. The above corollary essentially generalizes [56, Corollary 10.15(i)],
where the depth condition is slightly stronger than the one we use in the proof
of Theorem 4.2.21. The only missing part is that the assumption n ≥ 1 excludes
the interesting case of 0-dimensional good determinantal schemes. See Corollary
4.2.34 for the 0-dimensional case.

To apply Theorem 4.2.21 in the codimension c = 4 case, it suffices to prove
that

Ext1D2
(ID2 ⊗ I∗2 , I2) = 0.

Due to Remark 4.2.19 and Proposition 1.2.16, the Ext1-group above is isomorphic
to a twist of

Ext1D2
(ID2 ⊗ M2, M

∗
2 ) ∼= Ext1D2

(ID2 ⊗ KD2 , K
∗
D2

)(2�2 − 2n− 2c − 2). (4.30)

Hence, all we need follows from the following lemma.

Lemma 4.2.25. Let R � D = R/ID be a Cohen–Macaulay codimension 2 quotient
and suppose Proj(D) ↪→ Pn+c is a local complete intersection outside a closed
subset Z ⊂ Proj(D) which satisfies depthI(Z) D ≥ 4. Then

depthm HomD(ID ⊗ KD, K∗
D) ≥ depthm D − 1.

In particular, depthI(Z) HomD(ID ⊗ KD, K∗
D) ≥ 3 and hence

Ext1D(ID ⊗ KD, K∗
D) = 0.

Proof. D is standard determinantal, say D = D2, and we have a minimal free
R-resolution,

0 → F → G2 → ID(�2) → 0 (4.31)

as previously. If Hi is the ith Koszul homology built on some set of minimal
generators of ID, it suffices to show that there are two exact sequences,

0 → HomD(KD(n + c + 1), H1) → ∧2(F (−�2)) ⊗ D → H2 → 0, (4.32)
0 → HomD(KD, H1) → K∗

D ⊗ G2(−�2) → Hom(ID ⊗ KD(n + c + 1), K∗
D) → 0.

(4.33)

Indeed, Hi are maximal Cohen–Macaulay modules by [50]. Hence, the first se-
quence shows that HomD(KD(n + c + 1), H1) is maximal Cohen–Macaulay, while
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the second shows that the codepth of Hom(ID ⊗ KD(n + c + 1), K∗
D) is at most 1

and all conclusions of the lemma follow easily (cf. (4.10) for the last conclusion).
To see that (4.32) is exact we deduce, from (4.31), the exact sequence,

0 → KD(n + c + 1)∗ → F (−�2) ⊗R D → G2(−�2) ⊗R D → ID/I2
D → 0.

Indeed, we only need to prove that

KD(n + c + 1)∗ = ker[F (−�2) ⊗R D → G2(−�2) ⊗R D]

which follows by applying HomR(., D) to the exact sequence

· · · → G2(−�2)∗ → F (−�2)∗ → Ext1R(ID, R) ∼= KD(n + c + 1) → 0.

Since one, moreover, knows that

0 → H1 → G2(−�2) ⊗R D → ID/I2
D → 0, (4.34)

we get the exact sequence

0 → KD(n + c + 1)∗ → F (−�2) ⊗R D → H1 → 0, (4.35)

from which we see that the Cohen–Macaulayness of KD(n + c + 1)∗ follows from
that of H1. Sheafifying the exact sequence (4.35) and using [39, Chapter II, Exec.
5.16], we get an exact sequence,

0 → K̃D(n + c + 1)
∗ ⊗ H̃1|U → ∧2(F̃ (−�2)) ⊗ D̃|U → ∧2H̃1|U ,

where U = Proj(D)−Z. Applying H0
∗ (U, .) and recalling that H0

∗ (U,∧2H̃1) ∼= H2

(see [57, Proposition 18]), we get the exact sequence (4.32) because depthI(Z) H1 ≥
2 implies Hom(KD(n + c + 1), H1) ∼= H0∗ (U, K̃D(n + c + 1)

∗ ⊗ H̃1) and the right
most map in the exact sequence

0 → ∧3(F (−�2)) → ∧3(G2(−�2)) → ∧2(F (−�2)) → H2 → 0

(see [4]) must correspond to the map ∧2(F (−�2))⊗D → H2 in (4.32) and the later
is surjective (which one may prove directly as well, by applying H0

∗ (U, K̃∗
D ⊗ (.))

to (4.35), to get H0
∗ (U, K̃∗

D ⊗ H̃1) = 0).
To see that (4.33) is exact, we dualize the exact sequence (4.34) and we get

0 → (ID/I2
D)∗ → G2(−�2)∗ ⊗ D → H∗

1 → 0

because Ext1D(ID/I2
D, D) ∼= Ext1D((ID/I2

D)⊗KD, KD) = 0 by the Cohen–Macau-
layness of (ID/I2

D)⊗KD(n+c+1) ∼= (ID/I2
D)∗, cf. the proof of Theorem 4.2.21 for

the last isomorphism and [56, Chapter 6], for the Cohen–Macaulayness. Applying
HomD(., K∗

D) to the last exact sequence we get the exact sequence (4.33) because
depthI(Z) D ≥ 3 implies HomD(H∗

1 , K∗
D) ∼= HomD(KD, H1) and Ext1D(H∗

1 , K∗
D) ∼=

H1
∗ (U,Hom(K̃D, H̃1)) = 0 where the vanishing is due to the Cohen–Macaulayness

of Hom(KD, H1), which holds because we already have proved the exactness of
(4.32). This concludes the proof. �
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Corollary 4.2.26. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 1 and c = 4. If ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t, then

dimW (b; a) = λ4 + K3 + K4.

Proof. Due to Remark 1.2.22 and the assumption ai−min(3,t) ≥ bi for min(3, t) ≤
i ≤ t, when X = Proj(A) is chosen general in W (b; a), then the set Z2 = Sing(X2)
satisfies depthI(Z2) D2 ≥ 4. Hence, combining (4.30), Lemma 4.2.25, and Theorem
4.2.21, we are done. �

To apply Theorem 4.2.21 in the codimension c = 5 case, it suffices to prove
that

Ext1D3
(ID3 ⊗ I∗3 , I3)ν = Ext1D3

(ID3 ⊗ M3, M
∗
3 (−at+2 − at+3))ν = 0

for ν ≤ 0. Since depthI(Z3) D3 ≥ 3 and I3 is a maximal Cohen–Macaulay D3-
module, we have by (4.10)

Ext1D3
(ID3 ⊗ M3, M

∗
3 ) ∼= H1

∗ (U3,Hom(IX3 ⊗ M̃3, M̃
∗
3 ))

∼= H1
∗ (U3,Hom(IX3 ⊗ S2(M̃3),OX3))

∼= Ext1D3
(ID3 ⊗ S2(M3), D3),

where U3 = X3−Z3. Since, by Proposition 1.2.16(3), KD3(n+c+1−�3) ∼= S2(M3)
with �3 =

∑t+1
j=0 aj −

∑t
i=1 bi, we get (letting B := D3)

Ext1D3
(ID3 ⊗ I∗3 , I3) = Ext1B(IB ⊗ KB(n + 1 + c − �3), B(−at+2 − at+3)) (4.36)

∼= Ext1B(IB ⊗ KB(n + 1 + c), B)(�3 − at+2 − at+3).

Lemma 4.2.27. Let R → B = R/IB be a codimension 3 good determinantal quo-
tient, let X ↪→ Pn+c be the corresponding embedding, and set Z = Sing(X).

(1) If depthI(Z) B ≥ 4, then there is an exact sequence,

0 → Ext1B(IB ⊗ KB(n + c + 1), B) → IB/I2
B → (IB/I2

B)∗∗

which preserves the grading. In particular,
(1a) Ext1B(IB ⊗ KB(n + c + 1), B)(�3 − at+2 − at+3)ν = 0 for ν < at+3 +

at+2 − at+1 − at;
(1b) if Char(K) = 0, then Ext1B(IB⊗KB(n+c+1), B)(�3−at+2−at+3)ν = 0

for ν ≤ at+3 + at+2 − at+1 − at.
(2) If depthI(Z) B ≥ 5, then there is an exact sequence,

IB/I2
B → (IB/I2

B)∗∗ → Ext2B(IB ⊗ KB(n + c + 1), B) ∼= H1
I(Z)(IB/I2

B) → 0

which preserves the grading.
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Remark 4.2.28. Note that (1b) shows the desired vanishing because in Theorem
4.2.21 we have assumed a0 ≤ a1 ≤ · · · ≤ at+3.

Proof. (1) The Eagon–Northcott resolution associated with

ϕ3 : F → G3 = ⊕t+1
j=0R(aj)

leads to
0 → F3 := ∧t+2G∗

3 ⊗ S2F ⊗ ∧tF

→ F2 := ∧t+1G∗
3 ⊗ S1F ⊗ ∧tF

→ F1 := ∧tG∗
3 ⊗ ∧tF → IB → 0.

(4.37)

Applying HomR(., R) we get the exact sequence

0 → R → F ∗
1 → F ∗

2 → F ∗
3 → Ext2R(IB , R) ∼= KB(n + 1 + c) → 0.

Tensoring with . ⊗R B leads to a complex,

0 → (IB/I2
B)∗ → F ∗

1 ⊗ B → F ∗
2 ⊗ B

ψ−→ F ∗
3 ⊗ B → KB(n + c + 1) → 0 (4.38)

which is exact except in the middle where we have the homology IB ⊗KB(n+ c+
1) ∼= TorR

1 (KB(n+ c+1), B). Indeed this easily follows from the right exactness of
.⊗B B and the left exactness of HomR(., B) (applied to the exact sequence (4.37)).
Tensoring with . ⊗R B the exact sequence (4.37) we get

0 → H ′
1 := ker(ρ) → F1 ⊗R B

ρ−→ IB/I2
B → 0 (4.39)

(observe that H ′
1 is quite close to the Koszul homology H1). By [58, Lemma 35],

we have depthm(IB/I2
B)∗ ≥ depthm B − 1 and hence by (4.10),

Ext1B(IB/I2
B, B) = 0.

Dualizing the exact sequence (4.39), it follows that

0 → (IB/I2
B)∗ → F ∗

1 ⊗ B → H ′∗
1 → 0 (4.40)

(and, if desirable, one may see H∗
1
∼= H ′∗

1). Since we know the homology “in the
middle” of (4.38), we get the exact sequences

0 → H ′∗
1 → ker(ψ) → IB ⊗ KB(n + c + 1) → 0, (4.41)

0 → ker(ψ) → F ∗
2 ⊗ B

ψ−→ F ∗
3 ⊗ B → KB(n + c + 1) → 0. (4.42)

Now we have the setup to prove that

Ext1B(IB ⊗ KB(n + c + 1), B) ∼= K := ker(IB/I2
B → (IB/I2

B)∗∗).
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Firstly, note that by dualizing the exact sequence (4.40) once more and comparing
with (4.39) in obvious way, we see that

0 → H ′
1 → H ′∗∗

1 → K → 0

by the snake lemma. Now we apply Hom(., B) to (4.41) and the left part of (4.42).
We get a commutative diagram,

F2 ⊗ B → H ′
1 → 0⏐⏐� ⏐⏐�

Hom(ker(ψ), B) → Hom(H ′∗
1, B) → Ext1B(IB ⊗ KB(n + c + 1), B) → Ext1B(ker(ψ), B)⏐⏐�

Ext1B(im(ψ), B)

from which we deduce the exact sequence

Ext1B(im(ψ), B) → K → Ext1B(IB ⊗ KB(n + c + 1), B)

→ Ext1B(ker(ψ), B).
(4.43)

Hence, it suffices to show that

Ext1B(im(ψ), B) = 0 = Ext1B(ker(ψ), B).

By (4.42) we have

Ext1B(im(ψ), B)(n + c + 1) ∼= Ext2B(KB, B) ∼= Ext2B(KB ⊗ KB, KB),

Ext1B(ker(ψ), B)(n + c + 1) ∼= Ext3B(KB, B) ∼= Ext3B(KB ⊗ KB, KB),

where the rightmost isomorphism is a consequence of the spectral sequence used
in [43, Satz 1.2] because we have depthI(Z) B ≥ 3. By [13, Corollary 3.4], we know
that depthm S2(KB) ≥ depthm B − 1. Hence by Gorenstein duality

Exti
B(S2(KB), KB) = 0 for i ≥ 2.

Defining ∧ by
0 → ∧ → KB ⊗ KB → S2(KB) → 0

and noting that ∧̃|Proj(B)−Z = 0, we get Exti
B(∧, KB) = 0 for i ≤ 3 by (4.10)

and the assumption depthI(Z) B ≥ 4. Combining, we get Exti
B(KB ⊗ KB, KB) ∼=

ExtiB(S2(KB), KB) = 0 for i = 2 and 3 as required; i.e., Ext1B(IB ⊗ KB(n + c +
1), B) ∼= K by (4.43).

Now it is a triviality to see (1a) because the smallest degree of a minimal
generator of IB is �3 − at − at+1.
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(1b) Since depthI(Z) B ≥ 2, we get (IB/I2
B)∗∗ ∼= H0(X − Z, IX/I2

X) and
hence K is isomorphic to H0

I(Z)(B). Similarly, we prove that the kernel of the “uni-
versal”derivation d : IB/I2

B → ΩR/K ⊗R B is H0
I(Z)(B) which, by [24, Theorem 3],

is isomorphic to I
(2)
B /I2

B where I
(2)
B is the second symbolic power of IB . Hence we

have a grading-preserving isomorphism,

Ext1B(IB ⊗ KB(n + c + 1), B) ∼= I
(2)
B /I2

B . (4.44)

Now, in characteristic zero, I
(2)
B ⊂ mIB by [24, Proposition 13], which shows

that the smallest degree of the minimal generators of I
(2)
B is at least one less than

the smallest degree of the generators of IB ; i.e., we have

(I(2)
B )�3−at+2−at+3+ν = 0 for ν ≤ 0,

and we conclude by (4.44).

(2) Again since depthI(Z) B ≥ 2, we have (IB/I2
B)∗∗ ∼= H0∗ (X − Z, IX/I2

X)
and hence coker[IB/I2

B → (IB/I2
B)∗∗] ∼= H1

I(Z)(IB/I2
B) ∼= H2

I(Z)(H
′
1), cf. the exact

sequence (4.39) for the last isomorphism. Using the exact sequence (4.41), we get
the exact sequence

Ext1B(ker(ψ), B) → Ext1B(H
′∗
1 , B)

→ Ext2B(IB ⊗ KB(n + c + 1), B) → Ext2B(ker(ψ), B).

As argued in (4.43) and after (4.43), we see that Ext1B(ker(ψ), B) = 0 and

Ext2B(ker(ψ), B)(n + c + 1) ∼= Ext4B(KB ⊗ KB, KB)
∼= Ext4B(S2(KB), KB) = 0,

where the last isomorphism to the second symmetric power follows from the fact
that depthI(Z) B ≥ 5 implies ExtiB(∧, KB) = 0 for i ≤ 4, and the vanishing to the
right follows from depthm S2(KB) ≥ depthm B − 1. Since by (4.10),

Ext1B(H
′∗
1 , B) ∼= H1

∗ (U,Hom(H̃ ′∗
1 , B̃))

∼= H1
∗ (U, H̃ ′

1)
∼= H2

I(Z)(H
′
1),

we are done. �

Remark 4.2.29. For generic standard determinantal schemes, one knows by [10],
that depthI(Z)(IB/I2

B) ≥ 2. So the vanishing of Ext1B(IB ⊗ KB(n + c + 1), B)ν

under reasonable genericity assumptions is expected (for any ν).
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Corollary 4.2.30. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 1 and c = 5. If ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t and Char(K) = 0,
then

dimW (b; a) = λ5 + K3 + K4 + K5.

Proof. It follows from Remark 1.2.22 and the assumption ai−min(3,t) ≥ bi for
min(3, t) ≤ i ≤ t that the set Zj = Sing(Xj) has depthI(Zj) Dj ≥ 4 for j = 2 and
3 provided X = Proj(A) is chosen general in W (b; a). By (4.30), Lemma 4.2.25,
(4.36), Lemma 4.2.27(1b), and Remark 4.2.28, the assumptions of Theorem 4.2.21
are fulfilled and we conclude by applying it. �

In the next corollary we show that the upper bound of dimW (b; a) given
in Theorem 4.2.7 is indeed equal to dimW (b; a) for all c ≥ 3 and most values of
a0, a1, . . . , at+c−2; b1, . . . , bt. Our result is based upon Remark 4.2.20 and the proof
of Theorem 4.2.21. Indeed, we have seen that

dimW (b; a) = λc + K3 + K4 + · · · + Kc

provided
dimW (F, Gc−1) = λc−1 + K3 + K4 + · · · + Kc−1

and
HomR(IDc−2 , Ic−1)0 = 0. (4.45)

Corollary 4.2.31. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 0 and c ≥ 6. Assume ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t, Char(K) =
0, and

(i6): at+4 > at−1 + at + at+1 + at+2 − a0 − a1 − a2,

(i7): at+5 > at−1 + at + at+1 + at+2 + at+3 − a0 − a1 − a2 − a3,
...

(ic): at+c−2 >
∑t+c−4

j=t−1 aj −
∑c−4

j=0 aj.

Then,
dimW (b; a) = λc + K3 + · · · + Kc.

Proof. By the Eagon–Northcott resolution, the largest possible degree of a gener-
ator of IDc−2 is

�c −
c−4∑
j=0

aj − at+c−3 − at+c−2,

where �c =
∑t+c−2

j=0 aj −
∑t

i=1 bi and the smallest possible degree of a generator
of Ic−1

∼= IDc/IDc−1 is

�c −
t+c−3∑
j=t−1

aj
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because a0 ≤ a1 ≤ · · · ≤ at+c−2. Hence if the latter is strictly larger than the
former, i.e., if

at+c−2 >

t+c−4∑
j=t−1

aj −
c−4∑
j=0

aj ,

then Hom(IDc−2 , Ic−1)0 = 0, and we conclude using the argument of (4.45) and
Corollaries 4.2.23, 4.2.26, and 4.2.30. �
Remark 4.2.32. (1) If we want to skip the characteristic-zero assumption, we can
avoid the use of Corollary 4.2.30 by introducing the assumption

(i5): at+3 > at−1 + at + at+1 − a0 − a1.

We still get dim W (b; a) = λc + K3 + · · · + Kc, supposing ai−min(3,t) ≥ bi for
min(3, t) ≤ i ≤ t and (i5), (i6),. . . ,(ic).

(2) We can further weaken

ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t

to
ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t

by avoiding the use of Corollary 4.2.26 and assuming in addition

(i4): at+2 > at−1 + at − a0.

Remark 4.2.33. While Corollaries 4.2.23, 4.2.26, and 4.2.30 do not apply to the
case when W (b; a) is the locus of 0-dimensional determinantal schemes, Corollary
4.2.31 and Remark 4.2.32 do apply to the 0-dimensional case. In particular, using
Remark 4.2.32(1) (resp., (2)) for c = 5 (resp., c = 4), we get a single assumption,
namely (i5) (resp., (i4)) in addition to ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t (resp.,
ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t) which suffices for having dimW (b; a) equal
to the upper bound given in Theorem 4.2.7 for the zero schemes as well.

It is worthwhile to point out that this last remark on 0-dimensional schemes
works also in the codimension c = 3 case, and here the (i3) assumption is very
weak. We have the following corollary.

Corollary 4.2.34. Let W (b; a) be the locus of good determinantal schemes in Pn+3

of codimension 3. If ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t and if in addition

(i3): at+1 > at−1,

then dimW (b; a) = λ3 + K3.

Proof. Slightly extending Remark 1.2.22 by introducing the standard determinan-
tal hypersurface X1 = Proj(D1), we have depthI(Z1) D1 ≥ 3 and depthI(Z2) D2 ≥ 2
by choosing X = Proj(A) ∈ W (b; a) general. It follows that (4.20) is exact also for
i = 1, and since ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t implies HomR(ID1 , I2)0 = 0,
we get

hom(ID2 , I2)0 ∼= dim(D2)at−at+1 .
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Hence, Proposition 4.2.17(2) for c = 3 applies to explicitly get a lower bound
of dimW (b; a), which, combining (4.26) and (4.25), turns out to be λ3+K3. Hence,
dimW (b; a) = λ3 + K3 by Theorem 4.2.7. �

Now we address the problem of when the closure of, W (b; a) is an irreducible
component of Hilbp(t)(Pn+c) and when Hilbp(t)(Pn+c) is smooth or, at least, gener-
ically smooth along W (b; a). From now on, we assume n ≥ 1 and c ≥ 2. We have
the following theorem.

Theorem 4.2.35. Let X ⊂ Pn+c be a good determinantal scheme of dimension
n ≥ 1, let X = Xc ⊂ Xc−1 ⊂ · · · ⊂ X2 ⊂ Pn+c be the flag obtained by successively
deleting columns from the right-hand side, and let Zi ⊂ Xi be some closed subset
such that Xi − Zi ⊂ Pn+c is a local complete intersection. Let pi ∈ Q[s] be the
Hilbert polynomial of Xi.

(1) If depthI(Zi) Di ≥ 3 for 2 ≤ i ≤ c − 1, and if Ext1Di
(IDi/I2

Di
, Ii)0 ↪→

Ext1Di
(IDi/I2

Di
, Di)0 for i = 2, . . . , c − 1, then X (and each Xi) is unob-

structed, and

dimXi+1 Hilbpi+1(Pn+c)

= dimXi Hilbpi(Pn+c) + dim(NDi+1/Di
)0 − hom(IDi , Ii)0

for i = 2, 3, . . . , c − 1.
(2) If a0 ≤ a1 ≤ · · · ≤ at+c−2, b1 ≤ · · · ≤ bt, and ai−min(2,t) ≥ bi for min(2, t) ≤

i ≤ t, and if a general X ∈ W (b; a) satisfies

Ext1Di
(IDi/I2

Di
, Ii)0 = 0 for i = 2, . . . , c − 1,

then W (b; a) is a generically smooth irreducible component of Hilbp(s)(Pn+c).

Proof. (1) First of all we claim that there are two short exact sequences, the
vertical and the horizontal one, fitting into a commutative diagram (whose square
is Cartesian)

0
↓

HomR(IDi , Ii)0
↓

A1
Tpr2−→ HomR(IDi , Di)0

Tpr1 ↓ � ↓
0 →Hom(Ii, Di+1)0 →Hom(IDi+1 , Di+1)0 → HomR(IDi , Di+1)0 → 0

↓
0

(4.46)

where A1 is the tangent space of the Hilbert flag scheme D(pi+1, pi) at (Xi+1 ⊂ Xi)
and Tpri are the tangent maps of the projections pri. Since the vertical sequence is
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exact by assumption and the tangent space description of the Hilbert flag scheme
and its projections are well known (see [56, Chapter 6]), and note that the zero
piece of the graded Hom’s above and the corresponding global sections of their
sheaves of [56] coincide by (4.10)), we only have to prove the short exactness of the
horizontal sequence. Hence, it suffices to prove that Tpr2 is surjective. To see this,
it suffices to slightly generalize the argument in the proof of Proposition 4.2.17,
where we showed that the dimension of the fiber is greater than or equal mc(0).
We skip the details since [56, Theorem 10.13] shows more. Indeed, it contains
a deformation theoretic argument which shows that pr2 is not only dominating
but also “infinitesimal dominating or surjective” (i.e., smooth at (Xi+1 ⊂ Xi)). In
particular, we have that the tangent map Tpr2 is surjective (cf. Remark 4.2.36 for
another argument).

By the proof of [56, Theorem 10.13], D(pi+1, pi) is smooth at (Xi+1 ⊂ Xi)
provided Hilbpi(Pn+c) is smooth at Xi (see Remark 4.2.36 for an easy argument).
Since the tangent map of the first projection pr1 : D(pi+1, pi) → Hilbpi+1(Pn+c)
is surjective, we get that Hilbpi+1(Pn+c) is smooth at Xi+1. By induction, X
(and each Xi) is unobstructed since X2 is unobstructed [25], and the two exact
sequences of (4.46) easily lead to the dimension of dimXi+1 Hilbpi+1(Pn+c) because
NDi+1/Di

= Hom(Ii, Di+1).

(2) To prove that W (b; a) is an irreducible component, we use the notation of
Proposition 4.2.17 and we may by induction suppose that W (F, Gc−1) is an irre-
ducible component of Hilbpc−1(Pn+c) since W (F, G2) is an irreducible component
by [25]. We have

dimD(F, Gc, Gc−1) ≥ dimW (F, Gc−1) + mc(0) (4.47)

by Proposition 4.2.17(2), while for an irreducible component V of D(pc, pc−1)
containing D(F, Gc, Gc−1), we must have

dimV ≤ dimW (F, Gc−1) + dim(NDc/Dc−1)0 (4.48)

because dim(NDc/Dc−1)0 is the fiber dimension of pr2 at (Xc ⊂ Xc−1). Since
depthI(Zc−1) Dc−1 ≥ 3, we have by (4.9)

dim(NDc/Dc−1)0 = mc(0).

Combining equalities (4.47) and (4.48) we get dimD(F, Gc, Gc−1) ≥ dimV
and hence D(F, Gc, Gc−1) is an irreducible component of D(pc, pc−1). Since the
first projection pr1 : D(pc, pc−1) → Hilbpc(Pn+c) is smooth at (Xi+1 ⊂ Xi) by
the surjectivity of Tpr1 and the smoothness of D(pi+1, pi) at (Xi+1 ⊂ Xi), we get
that W (b; a) is an irreducible component, which necessarily is generically smooth
because Hilbpc(Pn+c) is smooth at a general point X by the first part of the proof
and by Remark 1.2.22. �
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Remark 4.2.36. If, in Theorem 4.2.35, we suppose depthI(Zi) Di ≥ 4, we may easily
see the surjectivity of Tpr2 in the following way. Using (4.10), we get Ext1Di

(Ii,Ri)=
Ext2Di

(Ii,Ii)=0 by the depth condition above. Applying HomDi(Ii, .) to the exact
sequence

0 → Ii → Di → Di+1 → 0,

we get Ext1Di
(Ii, Di+1) = 0 and the lower horizontal sequence of (4.46) is short

exact, and we easily conclude. Finally, using the vanishing of Ext1Di
(Ii, Di+1)0, it

follows from (4.10) that H1(Ui, ÑDi+1/Di
) ∼= Ext1Di+1

(Ii/I2
i , Di+1)0 = 0. Then

it is not difficult to see that D(pi+1, pi) is smooth at (Xi+1 ⊂ Xi) provided
Hilbpi(Pn+c) is smooth at Xi.

To apply Theorem 4.2.35(2) in the codimension c = 3 case, it suffices to prove
that

Ext1D2
(ID2/I2

D2
, I2)0 = 0.

By (4.10) and (4.28), we see that (U2 = X2 − Z2)

Ext1D2
(ID2/I2

D2
, I2) ∼= H1

∗ (U2,Hom(IX2 , K̃D2(n + 4),OX2)(�2 − at+1))
∼= H1

∗ (U2, IX2/I2
X2

(�2 − at+1)).
(4.49)

and we consider two cases.

(a) If depthI(Z2) D2 ≥ 4, we get depthI(Z2) ID2/I2
D2

≥ 3 (see [4]) and the group
in (4.49) vanishes.

(b) If depthI(Z2) D2 = 3 (e.g., X2 is smooth and 2-dimensional), the group, in
degree zero, is clearly H1(U2, IX2/I2

X2
(�2 − at+1)), and we have to suppose

that it vanishes in order to conclude that W (b; a) is a generically smooth irre-
ducible component of Hilbp(Pn+3) of dimension λ3+K3. All this is essentially
[56, Corollary 10.15 (ii)].

The case c = 4 is also straightforward. In this case it suffices to see that
(4.49) vanishes and that

Ext1D3
(ID3/I2

D3
, I3) = 0. (4.50)

If we suppose

depthI(Z2) D2 ≥ 4 and depthI(Z3) D3 ≥ 4 (4.51)

we claim that both groups vanish. We only need to prove (4.50).
Since depthI(Z2) D2 ≥ 4, it follows from (4.10) that (4.20) is short exact for

i = 3. Using Lemma 4.2.25 and (4.30), we see that (4.21) is short-exact for i = 3
as well; i.e., we have exact sequences

0 → D3(a) → HomR(ID3 , I3) → HomR(ID2 , I3) → 0 (4.52)
‖

0 → Hom(ID2 ⊗ I∗2 , I2(a)) → HomR(ID2 , I2(a)) → HomD2(ID2 ⊗ I∗2 , D3(a)) → 0,
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where a = at+1 − at+2. By Lemma 4.2.25, the codepth of Hom(ID2 ⊗ I∗2 , I2(a))
is at most 1, while (4.28) shows the same conclusion for Hom(ID2 , I2(a)). The
lower exact sequence of (4.52) therefore shows that the codepth of HomD2(ID2 ⊗
I∗2 , D3(a)) is at most 1 as a D3-module. The upper sequence shows that

depthm HomR(ID3 , I3) ≥ depthm D3 − 1. (4.53)

Now since depthI(Z3) D3 ≥ 4, we get depthI(Z3) HomD3(ID3/I2
D3

, I3) ≥ 3 and
hence by (4.10) we get that (4.50) holds. By Remark 1.2.22, we see that (4.51)
holds for a general X ∈ W (b; a) provided ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t.
Combining with Corollaries 4.2.23 and 4.2.26, we get the following.

Corollary 4.2.37. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 2 and c = 3 or c = 4. If ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t,
then W (b; a) is a generically smooth, irreducible component of Hilbp(t)(Pn+c) of
dimension λc + K3 + · · · + Kc.

Remark 4.2.38. If c = 4, then the assumption (4.51) excludes the interesting case
when W (b; a) parameterizes good determinantal curves in P5. To consider this case
we will weaken (4.51) and only suppose depthI(Z2) D2 ≥ 4. Recalling that (4.28)
leads to

H1
∗ (U2,Hom(IX2 ⊗ I∗

2,OX2)) ∼= H1
∗ (U2, IX2/I2

X2
(�2 − at+1)) = 0,

we have by (4.23) the injections

Ext1D3(ID3/I2
D3 ,I3)0↪→H1(U2,Hom(IX2⊗I∗

2,OX3(a)))↪→H2(U2,Hom(IX2⊗I∗
2,I2(a)))

‖ ‖
H1(U2,IX2/I2

X2⊗OX3(�2−at+2))↪→H2(U2,IX2/I2
X2⊗K̃∗

D2(a
′)),

(4.54)

where a = at+1 − at+2 and a′ = 2�2 − 6 − at+1 − at+2. In the interesting case
X = X4 ⊂ X3 ⊂ X2 ⊂ P5 where X2 is smooth, then U2 = X2. In particular,
if one of the groups of (4.54) vanishes, then W (b; a) is still a generically smooth,
irreducible component of Hilbp(t)(P5) of dimension λ4 + K3 + K4.

As a corollary of the first part of Theorem 4.2.35, we also get the unobstruct-
edness and the vanishing of some Hi

∗(X,NX) for good determinantal schemes
X ∈ Pn+c of codimension 3 ≤ c ≤ 4. For c = 3, the unobstructedness is essentially
proved by [56, Corollary 10.15] and the vanishing of Hi

∗(X,NX) is shown in [58,
Lemma 35]. Notice that the corollary really gives additional information about the
generically smooth component W (b; a) of Corollary 4.2.37, because it tells more
precisely where Hilbp(t)(Pn+c) is smooth. Finally, note also that there exists ob-
structed good determinantal reduced curves in P4, cf. [56, Remark 9.12], so some
kind of limitations on the singular locus of X is expected to get unobstructedness.
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Corollary 4.2.39. Let X = Proj(A) ⊂ Pn+c be a good determinantal scheme of
dimension n ≥ 2 for which there is a flag satisfying depthI(Zi)(Di) ≥ 4 for 2 ≤
i ≤ c − 1. If 3 ≤ c ≤ 4, then X is unobstructed and the normal module NA :=
HomR(IA, A) satisfies depthm(NA) ≥ n − 1. In particular,

Hi
∗(X,NX) = 0 for 1 ≤ i ≤ n − 2.

Proof. Due to the vanishing of (4.49) and (4.50), the unobstructedness of X follows
at once from Theorem 4.2.35(1). Moreover, exactly as we managed to show that
the exact sequences of (4.52) implied (4.53), we may see that the graded exact
sequences

0 → HomR(ID2 , I2) → HomR(ID2 , D2) → HomR(ID2 , D3) → 0

and
0 → Hom(I2, D3) → Hom(ID3 , D3) → HomR(ID2 , D3) → 0

imply
depthm Hom(ID3 , D3) ≥ dimD3 − 1, (4.55)

because we have depthI(Z2)(D2) ≥ 4 and hence Ext1D2
(ID2/I2

D2
, I2) = 0 by (4.49).

This shows what we want for c = 3. Finally, the same argument for i = 3, assuming
(4.51) and using (4.53) and (4.55), leads to depthm HomR(ID4 , D4) ≥ dimD4 − 1
and we are done. �

In the following example we will see that Corollary 4.2.37 does not always
extend to good determinantal curves C ⊂ P5; i.e., the closure of W (b; a) is not
necessarily an irreducible component of Hilbp(t)(P5), although by Corollary 4.2.26
we know that dim W (b; a) is indeed λ4 + K3 + K4.

Example 4.2.40. Let C ⊂ P5 be a smooth good determinantal curve of degree 15
and arithmetic genus 10 defined by the maximal minors of a 3×6 matrix with linear
entries. The closure of W (b; a) = W (0, 0, 0; 1, 1, 1, 1, 1, 1) inside Hilb15t−9(P5) is not
an irreducible component. In fact, let H15,10 ⊂ Hilb15t−9(P5) be the open subset
parameterizing smooth connected curves of degree d = 15 and arithmetic genus
g = 10. It is well known that any irreducible component of H15,10 has dimension
≥ χ(NC) = 6d + 2(1 − g) = 72 (cf. [81, Section 11b]); while by Corollary 4.2.26,
dimW (b; a) = 64.

For the codimension c = 5 case, we have the following corollary.

Corollary 4.2.41. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 1 and c = 5. If ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t and if W (b; a)
contains a determinantal scheme X = Proj(D5) whose flag R → D2 → D3 →
D4 → D5, obtained by deleting columns of “largest possible degree”, satisfies (with
Zi = Sing(Xi)) depthI(Z2) D2 ≥ 4, depthI(Z3) D3 ≥ 5, and H1(X3 − Z3, I2

X3
(�3 −

2at+3)) = 0, then W (b; a) is a generically smooth, irreducible component of
Hilbp(t)(Pn+5) (of dimension λ5 + K3 + K4 + K5 provided Char(K) = 0).
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Proof. First of all, note that by Remark 1.2.22, if we choose X ∈ W (b; a) general,
we have depthI(Z2) D2 ≥ 4 and depthI(Z3) D3 ≥ 5. By Theorem 4.2.35 and the
conclusion of (4.51), it suffices to show that

Ext1D4
(ID4/I2

D4
, I4)0 = 0. (4.56)

By Lemma 4.2.18(2) and (4.50), we must show that

Ext2D3
(ID3 ⊗ I∗3 , I3)at+2−at+3 = 0.

Looking at (4.36), this group is isomorphic to

Ext2D3
(ID3 ⊗ KD3(n + c + 1), D3)�3−2at+3

which by Lemma 4.2.27(2) is further isomorphic to H1
I(Z3)

(ID3/I2
D3

)�3−2at+3 . Since
X3 = Proj(D3) is Cohen–Macaulay, the cohomology sequence associated with

0 → I2
D3

→ ID3 → ID3/I2
D3

→ 0

gives us

H1
I(Z3)(ID3/I2

D3
)�3−2at+3

∼= H2
I(Z3)(I

2
D3

)�3−2at+3

∼= H1(X3 − Z3, I2
X3

(�3 − 2at+3)),

and we get (4.56). �

We will now give two examples. The first one will be a smooth standard
determinantal surface S ⊂ P7 whose flag R → D2 → D3 → D4 → D5, obtained by
deleting columns of “largest possible degree”, satisfies all hypotheses required in
Corollary 4.2.41 and hence W (b; a) is a generically smooth, irreducible component
of Hilbp(t)(P7) of dimension λ5 + K3 + K4 + K5 (Char(K) = 0). The second
one will be a smooth standard determinantal curve C ⊂ P6, hence the condition
depthI(Z3) D3 ≥ 5 is not fulfilled and in this case we will see that the closure
of W (b; a) is not an irreducible component of Hilbp(t)(P6), although by Corollary
4.2.30 we know that dimW (b; a) is indeed λ5 + K3 + K4 + K5 (Char(K) = 0).

Example 4.2.42. (a) Let S ⊂ P7 be a smooth good determinantal surface of degree
6 defined by the maximal minors of a 2 × 6 matrix with general linear entries.
Let R → D2 → D3 → D4 → D5 be the flag obtained by deleting columns from
the right-hand side. With the computer program Macaulay 2 [34] we check that
all hypotheses required in Corollary 4.2.41 are satisfied; i.e., depthI(Z2) D2 ≥ 4,
depthI(Z3) D3 ≥ 5 and H1(X3 − Z3, I2

X3
(�3 − 2at+3)) = H1(X3, I2

X3
(2)) = 0. By

Corollary 4.2.41, the closure of W (b; a) inside Hilbp(t)(P7) is a generically smooth,
irreducible component of dimension 57.

(b) Let C ⊂ P6 be a smooth good determinantal curve of degree 21 and
arithmetic genus 15 defined by the maximal minors of a 3 × 7 matrix with linear
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entries. Since dim(C) = 1, we have dim(X3) = 3, and hence depthI(Z3) D3 ≤
4. The closure of W (b; a) inside Hilb21t−14(P6) is not an irreducible component.
In fact, let H21,15 ⊂ Hilb21t−14(P6) be the open subset parameterizing smooth
connected curves of degree d = 21 and arithmetic genus g = 15. It is well known
that any irreducible component of H21,15 has dimension ≥ 7d + 3(1 − g) = 105;
while by Corollary 4.2.30, dimW (0, 0, 0; 1, 1, 1, 1, 1, 1, 1) = 90.

Our final corollaries are similar to Corollaries 4.2.31 and 4.2.34. To apply
the final part of Theorem 4.2.35, we must show that Ext1Di

(IDi/I2
Di

, Ii)0 = 0 for
i = 2, . . . , c−1. Using, however, the upper sequence of (4.24) it suffices to show that
Ext1Di−1

(IDi−1/I2
Di−1

, Ii)0 = 0 provided depthI(Zi−1) Di−1 ≥ 4. This vanishing is
fulfilled if

Ext1R(IDi−1 , Ii)0 = 0 for i = 4, . . . , c − 1 (4.57)

(since Ext1Di
(IDi/I2

Di
, Ii)0 = 0 for i = 2, 3 provided dimI(Zi) Di ≥ 4 by (4.49) and

(4.50)).

Corollary 4.2.43. Let W (b; a) be the locus of good determinantal schemes in Pn+c

where n ≥ 1 and c ≥ 5, or n ≥ 2 and 3 ≤ c ≤ 4. Assume ai−min(3,t) ≥ bi for
min(3, t) ≤ i ≤ t. Moreover, if c ≥ 5, then

(j5): at+3 > at−1 + at + at+1 − a0 − b1,

(j6): at+4 > at−1 + at + at+1 + at+2 − a0 − a1 − b1,
...

(jc): at+c−2 >
∑t+c−4

j=t−1 aj −
∑c−5

j=0 aj − b1.

Then W (b; a) is a generically smooth, irreducible component of Hilbp(t)(Pn+c)
of dimension λc + K3 + · · · + Kc.

Proof. The relation of IDc−2 of the largest possible degree is

�c −
c−5∑
j=0

aj − b1 − at+c−3 − at+c−2,

where �c =
∑t+c−2

j=0 aj −
∑t

i=1 bi and the smallest possible degree of a generator
of Ic−1 is

�c −
t+c−3∑
j=t−1

aj .

Hence, Ext1R(IDc−2 , Ic−1)0 = 0 if

�c −
c−5∑
j=0

aj − b1 − at+c−3 − at+c−2 < �c −
t+c−3∑
j=t−1

aj
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or, equivalently,

at+c−2 >

t+c−4∑
j=t−1

aj −
c−5∑
j=0

aj − b1

which is our assumption (jc).
Similarly, we get Ext1R(IDi−1 , Ii)0 = 0 if (ji+1) holds. Since, by Remark 1.2.22

and the hypothesis ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t, we know that a general
X ∈ W (b; a) satisfies depthI(Zi) Di ≥ 4 for 2 ≤ i ≤ c − 2, we conclude by (4.57).
For the dimension formula we use Remark 4.2.32(1). �

Since Corollary 4.2.43 does not apply to n = 1 and 3 ≤ c ≤ 4, we include one
more result to cover these cases. For c = 3, the result is known (see [56, Corollary
10.11]).

Corollary 4.2.44. Let W (b; a) be the locus of good determinantal schemes in Pn+c

of dimension n ≥ 1. If either

(1) c = 3, ai−min(2,t) ≥ bi for min(2, t) ≤ i ≤ t and at+1 > at−1 + at − b1, or

(2) c = 4, ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t and at+2 > at−1 + at − b1,

then W (b; a) is a generically smooth, irreducible component of Hilbp(t)(Pn+c) of
dimension λc + K3 + · · · + Kc.

Proof. Let c = 3. To see the vanishing of Ext1D2
(ID2/I2

D2
, I2)0 of Theorem 4.2.35,

it suffices to prove that Ext1R(ID2 , I2)0 = 0. As in the proof of Corollary 4.2.43, we
find the minimal degree of relations of ID2 to be �2 − b1, and we get the vanishing
of the Ext1R-group above by assuming �2 − b1 = �3 − at+1 − b1 < �3 −

∑t
j=t−1 aj ;

i.e.,

(j′3): at+1 > at−1 + at − b1.

If c = 4, it suffices to prove that Ext1R(ID2 , I3)0 = 0 by the argument of
(4.57). Indeed, (4.49) vanishes and we know that depthI(Z2) D2 ≥ 4 implies the
injection

Ext1D3
(ID3/I2

D3
, I3)0 ↪→ Ext1D2

(ID2/I2
D2

, I3)0,

by (4.24), and that the latter Ext1-group vanishes if Ext1R(ID2 , I3)0 = 0. Now ex-
actly as in the first part of the proof of Corollary 4.2.43, we have Ext1R(ID2 , I3)0 = 0
provided

(j4): at+2 > at−1 + at − b1,

and we conclude by Theorem 4.2.35. For the dimension formulas, we use Remark
4.2.32(2) and Corollary 4.2.34. �

Remark 4.2.45. Looking at the proofs of Corollaries 4.2.43 and 4.2.44, we get the
following. Let U ⊂ W (b; a) be the subset where Hilbp(t)(Pn+c) is smooth, and
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assume a0 ≤ a1 ≤ · · · ≤ at+c−2 and b1 ≤ · · · ≤ bt. Then U contains every X for
which the flag

X = Xc ⊂ · · · ⊂ Xi = Proj(Di) ⊂ · · · ⊂ X2 ⊂ Pn+c

of Theorem 4.2.35 satisfies depthI(Zi) Di ≥ 4 for 2 ≤ i ≤ c−2, depthI(Zc−1) Dc−1 ≥
3, and

(1) (j′3) if c = 3,
(2) (j4) if c = 4,
(3) (j5) to (jc) if c ≥ 5.

Moreover, if 3 ≤ c ≤ 4, we can drop (j′3) and (j4) provided we increase the depth
assumption to depthI(Zi) Di ≥ 4 for 2 ≤ i ≤ c − 1.

Corollaries 4.2.31 and 4.2.43 and Remark 4.2.32(1) can be improved a little
bit if we increase depthI(Zi) Di. In fact, by Remark 1.2.22 we know that under the
assumption ai−min(3,t) ≥ bi for min(3, t) ≤ i ≤ t, we can suppose depthI(Zi) Di ≥ 5
for i ≥ 3, letting Zi = Sing(Xi). Since Zi ⊂ Zi−1, if we suppose

depthI(Zi−2) Di−2 ≥ 5, (4.58)

we get that

depthI(Zi−2) Di−1 ≥ 4,

and hence depthI(Zi−1) Di−1 ≥ 4, as well as depthI(Zi−2) Di ≥ 3. As in (4.19), we
see that

Ext1Di−2
(Ii−2, Ii) ∼= H1

∗ (Ui−2,HomOXi−2
(Ii−2, Ii))

∼= H1
∗ (Ui−2,HomOXi

(Ii−2 ⊗ I∗
i ,OXi))

∼= H1
∗ (Ui−2,OXi(at+i−3 − at+i−2)) = 0.

Arguing as in (4.23) and combining with (4.24), we get the injections

Ext1Di
(IDi/I2

Di
, Ii) ↪→ Ext1Di−1

(IDi−1/I2
Di−1

, Ii) ↪→ Ext1Di−2
(IDi−2/I2

Di−2
, Ii).
(4.59)

In particular, if Ext1R(IDi−2 , Ii)0 = 0 and if (4.58) hold, then

Ext1Di
(IDi/I2

Di
, Ii)0 = 0.

Now looking at the proof of Corollary 4.2.43, we easily see that

Ext1R(IDc−3 , Ic−1)0 = 0
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provided

at+c−2 >

t+c−5∑
j=t−1

aj −
c−6∑
j=0

aj − b1. (4.60)

Hence if (jc−1) holds, then (4.60) holds because at+c−2 ≥ at+c−3, and it is superflu-
ous to assume (jc) in Corollary 4.2.43. The argument requires depthI(Zc−3) Dc−3 ≥
5, i.e., c ≥ 6, and arguing slightly more general, we see that if 6 ≤ i ≤ c, then (ji)
is superfluous provided (ji−1) holds.

In particular, the conclusion of Corollary 4.2.43 holds if (ji) holds for any odd
number i such that 5 ≤ i ≤ c.

Remark 4.2.46. (1) In Corollary 4.2.43, the assumption (ji) is superfluous if (ji−1)
holds, 6 ≤ i ≤ c.

(2) Increasing depthI(Zi) Di even more (say by assuming ai−min(4,t) ≥ bi for
min(4, t) ≤ i ≤ t, cf. Remark 1.2.22), we can weaken (jk) (resp., (ik)) conditions
of Corollary 4.2.43 (resp., Corollary 4.2.31) further.

We would like to end this chapter with a nice conjecture which naturally
arises in this context. Indeed, Theorem 4.2.7, Example 4.2.10 (a)–(d), Proposition
4.2.15, and Corollaries 4.2.23, 4.2.26, 4.2.30, 4.2.31, and 4.2.34 suggest – and prove
in many cases – the following conjecture.

Conjecture 4.2.47. Given integers a0 ≤ a1 ≤ · · · ≤ at+c−2 and b1 ≤ · · · ≤ bt, we
set � :=

∑t+c−2
j=0 aj −

∑t
i=1 bi and hi := 2at+1+i + at+2+i + · · ·+ at+c−2 − � + n + c

for i = 0, 1, . . . , c − 3. Assume ai−min([c/2]+1,t) ≥ bi for min([c/2] + 1, t) ≤ i ≤ t.
Then we have

dimW (b; a) =
∑
i,j

(
ai − bj + n + c

n + c

)
−
∑
i,j

(
ai − aj + n + c

n + c

)

−
∑
i,j

(
bi − bj + n + c

n + c

)
+
∑
j,i

(
bj − ai + n + c

n + c

)
+
(

h0

n + c

)
+ 1

+
c−3∑
i=1

⎛⎜⎝ ∑
r+s=i

∑
0≤i1<···<ir≤t+i
1≤j1≤···≤js≤t

(−1)i−r

(
hi + ai1 + · · · + air + bj1 + · · · + bjs

n + c

)⎞⎟⎠ .

In particular, we would like to know if the above conjecture is at least true
when the entries of A all have the same degree. More precisely, we have the fol-
lowing conjecture.

Conjecture 4.2.48. Let W (0; d) be the locus of good determinantal schemes in Pn+c

of codimension c given by the maximal minors of a t×(t+c−1) matrix with entries
homogeneous forms of degree d. Then,

dimW (0; d) = t(t + c − 1)
(

d + n + c

n + c

)
− t2 − (t + c − 1)2 + 1.
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Chapter 5

Determinantal Ideals,
Symmetric Determinantal
Ideals, and Open Problems

In this last chapter, we address for determinantal ideals I ⊂ K[x0, . . . , xn], i.e.,
ideals of codimension c = (p− r + 1)(q− r + 1) generated by the r× r minors of a
p × q homogeneous matrix A (see Definition 1.2.3), for symmetric determinantal
ideals I ⊂ K[x0, . . . , xn], i.e., ideals of codimension c =

(
m−t+2

2

)
generated by

the t × t minors of an m × m homogeneous symmetric matrix A (see Definition
1.2.5), and for the three problems considered in the previous chapters for standard
determinantal ideals. Namely, we address the following problems:

(1) CI-liaison class and G-liaison class of determinantal ideals,
(1′) CI-liaison class and G-liaison class of symmetric determinantal ideals,
(2) the multiplicity conjecture for determinantal ideals,
(2′) the multiplicity conjecture for symmetric determinantal ideals,
(3) unobstructedness and dimension of families of determinantal schemes,

and

(3′) unobstructedness and dimension of families of symmetric determinantal
schemes.

We collect what is known, some open problems that naturally arise in this
new context, and we add some conjectures raised in this work.
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5.1 Liaison class of determinantal and
symmetric determinantal ideals

In Section 2.3, we have generalized Gaeta’s theorem and we have seen that stan-
dard determinantal schemes X ⊂ Pn are G-linked in a finite number of steps to a
complete intersection; i.e., they are glicci (see Theorem 2.3.1). The following ques-
tion should also be viewed as a generalization of Gaeta’s theorem (see Theorem
2.1.6).

Question 5.1.1. Is there only one G-liaison class containing ACM subschemes X ⊂
Pn of codimension c? Or, equivalently, are all ACM subschemes X ⊂ Pn glicci?

Based on the results of Chapter 2, as well as those in [56], [13], [14], [15],
[41], and [66], we would expect a yes answer to the last question. Notice that
even in codimension 3, an affirmative answer to the above question will be a very
interesting result. It will also be worthwhile to know if the following partial result
is true.

Question 5.1.2. Is any ACM curve Ct ⊂ P4 with a linear resolution,

0 −→ R(−t − 2)
t2+t

2 −→ R(−t − 1)t2+2t −→ R(−t)
t2+3t+2

2 −→ I(Ct) −→ 0

glicci?

We know many examples of glicci, ACM curves Ct ⊂ P4 with a linear res-
olution. Indeed, any ACM curve Dt ⊂ P4 defined by the maximal minors of a
t× (t + 2) matrix with linear entries has a linear resolution and by Theorem 2.3.1
Dt is glicci. Nevertheless, not all ACM curves Ct ⊂ P4 with a linear resolution
are standard determinantal. In fact, by Theorem 4.2.7, the family of such stan-
dard determinantal curves has dimension ≤ 3t2 + 6t− 3. On the other hand, each
component of the Hilbert scheme of curves of degree

d(Dt) =
(

t + 3
4

)
−
(

t + 2
4

)
and genus

pa(Dt) = (t − 1)d(Dt) + 1 −
(

t + 3
4

)
has dimension ≥ χ(NDt) = 5d(Dt)+1−pa(Dt). Thus, it is enough to take a value
of t (for instance t = 3, 4) such that 3t2 + 6t − 3 ≤ 5d(Dt) + 1 − pa(Dt).

In the context of determinantal ideals, we would like to generalize the main
result of Chapter 2 which states that standard determinantal ideals are glicci (see
Theorem 2.3.1), and ask whether arbitrary determinantal ideals are glicci and
whether symmetric determinantal ideals are glicci. More precisely, we consider
determinantal schemes in Pn, namely subschemes Xp,q,r ⊂ Pn of codimension
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(p − r + 1)(q − r + 1) defined by the r × r, r ≤ min(p, q), minors of a p × q
homogeneous matrix A. It is well known that Xp,q,r is an ACM subscheme (see
[20]) and hence, as a particular case of Question 5.1.1, we are led to pose the
following question.

Question 5.1.3. Is any determinantal subscheme Xp,q,r ⊂ Pn glicci or, equivalently,
is any determinantal subscheme Xp,q,r ⊂ Pn G-linked in a finite number of steps
to a complete intersection.

This last question has been recently answered by E. Gorla. In [32], she has
proved the following theorem.

Theorem 5.1.4. Every determinantal subscheme Xp,q,r ⊂ Pn can be G-bilinked in
r steps to a complete intersection. In particular, every determinantal subscheme
Xp,q,r ⊂ Pn is glicci.

Sketch of the proof. Let A = (Fij)
1≤i≤p
1≤j≤q be the homogeneous matrix associated

with Xp,q,r ⊂ Pn. So, I(Xp,q,r) = Ir(A) and Xp,q,r ⊂ Pn has codimension c =
(p − r + 1)(q − r + 1). Let Ir(L) be the ideal generated by the r × r minors of L,
where L is the subladder of A consisting of all the entries except for Fpq (after
applying generic invertible row operations to A). Let N be the submatrix obtained
from A by deleting the last row and column, and let X ′ ⊂ Pn be the determinantal
scheme with I(X ′) = Ir−1(N ).

By [32, Theorem 2.11], Ir(L) is the saturated ideal of an ACM, generically
complete intersection subscheme Y ⊂ Pn of codimension c− 1 and Xp,q,r, X

′ ⊂ Y
are generalized divisors on Y . Moreover, Xp,q,r ∼ X ′ + aH for some a > 0, where
∼ denotes linear equivalence of generalized divisors on Y and H is a hyperplane
divisor of Y . By Theorem 1.3.12, Xp,q,r and X ′ are G-bilinked. Repeating this
argument, we arrive after r steps to a complete intersection. Therefore, Xp,q,r

is glicci. �

We consider symmetric determinantal subschemes in Pn, i.e., subschemes
Xs

m,t ⊂ Pn of codimension
(
m−t+2

2

)
defined by the t × t minors of an m × m

homogeneous symmetric matrix. We know that Xs
m,t is an ACM subscheme (see

[62, Theorem 1]) and we wonder:

Question 5.1.5. Is Xs
m,t ⊂ Pn glicci? Or, equivalently, is any symmetric determi-

nantal subscheme G-linked in a finite number of steps to a complete intersection?

Example 5.1.6. Let V be the Veronese surface P2 ↪→ P5, i.e., the image of the
2-uple embedding of P2 in P5. Its homogeneous ideal I(V ) is defined by the 2 × 2
minors of the generic symmetric matrix

A =

⎛⎝ x0 x1 x2

x1 x3 x4

x2 x4 x5

⎞⎠ ,
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and it has the following minimal free R-resolution:

0 −→ OP5(−4)3 −→ OP5(−3)8 −→ OP5(−2)6 −→ I(V ) −→ 0.

Therefore, V is ACM and has degree 4 (notice that V is not a standard deter-
minantal scheme). V is an ACM effective divisor on the rational normal scroll
S(0, 1, 2) ⊂ P5 defined by the maximal minors of the matrix(

x0 x1 x2

x1 x3 x4

)
.

Thus, V is glicci by [13, Theorem 4.10(i)].

In [60], we have generalized the above example to any codimension 3, ACM
subscheme X ⊂ Pn defined by the submaximal minors of a t × t homogeneous
symmetric matrix A and we have got the first important contribution to Question
5.1.5. To prove it we have to fix some notation.

Let X ⊂ Pn be a codimension 3, ACM scheme defined by the submaximal
minors of an m × m homogeneous symmetric matrix A = (fji)i,j=1,...,m, where
fji ∈ K[x0, . . . , xn] are homogeneous polynomials of degree ai + aj , and let A =
R/I(X) be the homogeneous coordinate ring of X . We denote by

U =

⎛⎜⎜⎜⎝
2a1 a1 + a2 . . . a1 + am

a1 + a2 2a2 . . . a2 + am

...
...

...
a1 + am a2 + am . . . 2am

⎞⎟⎟⎟⎠
the degree matrix of A. The determinant of A is a homogeneous polynomial of
degree � = 2(a1 + a2 + · · · + am). Note that ai + aj is a positive integer for all
1 ≤ i ≤ j ≤ m, while ai does not necessarily need to be an integer. Let B be the
matrix obtained by deleting the last row, let IB = Im−1(B) be the ideal defined
by the maximal minors of B, and let IA = Im−1(A) be the ideal generated by the
submaximal minors of A. Set A = R/IA = R/I(X) and B = R/IB.

Remark 5.1.7. Assume Char(K) �= 2. After a basis change that preserves the
symmetry of A, if necessary, we have that the assumption codimR A = 3 im-
plies that codimR B = 2 and IB is Cohen–Macaulay. In fact, we know well that
codimR B ≤ 2. Following the approach of the proof of [8, Theorem 2], and strongly
using that the matrix A is symmetric and Char(K) �= 2, we get (see also [31, The-
orem 1.22] for the details)

ht(IA/IB) = ht(It−1(A)/It−1(B)) ≤ 1.

Therefore, we obtain ht(IB) = ht(It−1(B)) ≥ ht(IA) = ht(It−1(A)) − 1 = 2, and
we are done.
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Remark 5.1.8. With the above notations, let Y ⊂ Pn be the codimension 2, ACM
scheme defined by the maximal minors of B. We claim that Y is a generically
complete intersection. In fact, consider

0 −→ F
tB−→ G −→ IB = I(Y ) −→ 0

the resolution of I(Y ) given by Hilbert–Burch theorem. Let P be a minimal as-
sociated prime of I(Y ) = It−1(B). We have to see that I(Y )P is a complete
intersection. We have ht(P ) = ht(It−1(B)) = 2 < 3 = ht(I(X)) = ht(It−1(A)) ≤
ht(It−2(B)). So, P � It−2(B). Denote by µ(I(Y )P ) the number of minimal gener-
ators of I(Y )P . By [10, Proposition 16.3], µ(I(Y )P ) ≤ 2, and we are done.

Remark 5.1.9. If the entries of A and B are sufficiently general polynomials of
degree ai+aj with ai+aj a positive integer for all 1 ≤ i ≤ j ≤ m, then codimR B =
2 and codimR A = 3. In fact, given rational numbers ai ∈ Q, 1 ≤ i ≤ m, with
ai + aj a positive integer for all 1 ≤ i ≤ j ≤ m, we can consider the m × m
homogeneous symmetric matrix

A =

⎛⎜⎜⎜⎜⎜⎝
0 0 . . . 0 0 0 x

a1+am−1
1 xa1+am

0

0 0 . . . 0 0 x
a2+am−2
1 x

a2+am−1
0 xa2+am

2

0 0 . . . 0 x
a3+am−3
1 x

a3+am−2
0 x

a3+am−1
2 0

...
...

...
...

...
...

...
xa1+am

0 xa2+am
2 . . . 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎠ ,

and let B be the matrix obtained by deleting the last row of A. We clearly have
codimR B = 2 and codimR A = 3 which proves what we want.

Proposition 5.1.10. With the above notation and assumptions, codimR A = 3 and
codimR B = 2, we have an exact sequence,

0 −→ (S2KB)(2n + 2 + p) −→ B −→ A −→ 0,

where p = 2am − 3� and KB = Ext2B(B, R(−n− 1)) is the canonical module of B.

Proof. First of all, we observe that the degrees of the minors of B are �− ai − am;
i.e., IB has the following minimal free R-resolution:

0 −→ ⊕m−1
i=1 R(−ai + am − �)

tB−→ ⊕m
i=1R(ai + am − �) −→ IB −→ 0. (5.1)

By [53, Theorem 3.1], IA has a minimal free R-resolution of the following type
(Józefiak’s resolution):

0 −→ ⊕1≤i<j≤mR(−ai − aj − �) −→ ⊕1≤i,j≤mR(−� − ai + aj)/R(−�)
A−→ ⊕1≤i≤j≤mR(ai + am − �) −→ IA −→ 0.

(5.2)
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The natural injection IB ↪→ IA induces a map from the complex (5.1) to the
complex (5.2) in the most obvious way; i.e., factors in the complex (5.1) which are
not present in the complex (5.2) are mapped to zero, otherwise it is mapped by
the identity.

Dualizing the exact sequence (5.1), we get

0 −→ R −→ ⊕m
i=1R(−ai − am + �) B−→ ⊕m−1

i=1 R(ai − am + �) −→ KB(n + 1) −→ 0

leading to the exact sequence (see [22, Theorem A2.10])

0 −→ ⊕1≤i<j≤mR(−� − ai − aj) −→ ⊕ 1≤i≤m−1
1≤j≤m

R(−� + ai − aj)

B−→ ⊕1≤i<j≤mR(−� + ai + aj) −→ S2KB(2n + 2 + p) −→ 0.
(5.3)

One easily checks that the natural maps from the complex of IA onto the
complex of S2KB(2n + 2 + p) define a morphism of complexes, and hence we get
the exact sequence

0 −→ IB −→ IA −→ (S2KB)(2n + 2 + p) −→ 0,

and thus there is an exact sequence

0 −→ (S2KB)(2n + 2 + p) −→ B −→ A −→ 0

which proves what we want. �
Proposition 5.1.11. Assume Char(K) �= 2. Let X ⊂ Pn be a codimension 3, ACM
scheme defined by the submaximal minors of an m × m homogeneous symmetric
matrix A. Then X is glicci.

Proof. Let Y be the codimension 2, ACM subscheme of Pn defined by the maximal
minors of the m × (m − 1) matrix B obtained by deleting the last row of A, after
a basis change that preserves the symmetry of A, if necessary. By Remark 5.1.8,
Y is a generically complete intersection. Hence Y satisfies the property G0 and we
have the concept of generalized divisors on Y .

By Proposition 5.1.10, I(X)/I(Y ) = (S2KB)(2n+2+p), i.e., X ∈ |−2KY −
(2n + 2 + p)H |, where KY is the canonical divisor on Y and H is a hyperplane
divisor.

By Theorem 1.3.11, for r � 0, G ∼ rH − KY is AG and G-links X to an
element of the linear system |KY + βH | for a suitable β ∈ Z. So, it suffices to
check that an element of the linear system |KY + βH | is glicci. To this end, we
consider a codimension 3 standard determinantal scheme D ⊂ Y ⊂ Pn defined by
the maximal minors of the matrix [B,L] obtained by adding to B a sufficiently
general column L such that [B,L] is again homogeneous. By [56, Theorem 3.6],
D ∈ |KY + tH | for some t ∈ Z and D is glicci. Moreover, by [56, Corollary 5.13],
KY + tH and D are G-bilinked, so any effective divisor of type KY + dH is ACM
and glicci, and we are done. �
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The above proposition has been recently generalized by E. Gorla [31]. In fact,
she answered affirmatively Question 5.1.5 and she proved thefollowing theorem.

Theorem 5.1.12. Any codimension
(

m−t+2
2

)
symmetric determinantal subscheme

Xs
m,t of Pn defined by the t×t minors of an m×m symmetric homogeneous matrix

A is glicci.

Proof. See [31, Corollary 2.7]. �

5.2 The multiplicity conjecture for determinantal
and symmetric determinantal ideals

Let us recall the Herzog–Huneke–Srinivasan conjecture (multiplicity conjecture)
about the multiplicity of perfect ideals.

Conjecture 5.2.1. Let I ⊂ R be a graded Cohen–Macaulay ideal of codimension c.
Consider the minimal graded free R-resolution of R/I,

0 −→ ⊕j∈ZR(−j)βp,j(R/I) −→ · · · −→ ⊕j∈ZR(−j)β1,j(R/I) −→ R −→ R/I −→ 0

and set mi(I) := min{j ∈ Z | βi,j(R/I) �= 0} and Mi(I) = max{j ∈ Z |
βi,j(R/I) �= 0}. Then, we have∏c

i=1 mi

c!
≤ e(R/I) ≤

∏c
i=1 Mi

c!
.

The main result of Chapter 3 states that the above conjecture works for
standard determinantal ideals (see Theorem 3.2.6), and we would like to know
whether the multiplicity conjecture is true for arbitrary determinantal ideals and
for symmetric determinantal ideals. So, we are led to pose the following questions.

Question 5.2.2. Let Ip,q,r ⊂ K[x1, . . . , xn] be a determinantal ideal generated by
the r × r, r ≤ min(p, q), minors of a p × q, homogeneous matrix A. Does Ip,q,r

satisfy Conjecture 5.2.1?

Question 5.2.3. Let Is
m,t ⊂ K[x1, . . . , xn] be a symmetric determinantal ideal gen-

erated by the t × t minors of an m × m, m ≥ t, homogeneous symmetric matrix
A. Does Is

m,t satisfy Conjecture 5.2.1?

The first contribution to Question 5.2.3 was given in [69], where we prove
the multiplicity conjecture of Herzog, Huneke, and Srinivasan for K-algebras
K[x1, . . . , xn]/I, where I is a symmetric determinantal ideal generated by the
submaximal minors of an m × m homogeneous symmetric matrix. A classical ho-
mogeneous ideal that can be generated by the submaximal minors of an m × m
homogeneous symmetric matrix is the ideal of the Veronese surface X ⊂ P5 (cf.
Example 5.1.6).
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Let I ⊂ R = K[x1, . . . , xn] be a codimension 3, symmetric determinantal
ideal generated by the submaximal minors of an m × m homogeneous symmetric
matrix,

A = (fji)i,j=1,...,m,

where fji ∈ K[x1, . . . , xn] are homogeneous polynomials of degree ai + aj , i.e.,
I = Im−1(A). As usual we denote by

U =

⎛⎜⎜⎜⎝
2a1 a1 + a2 . . . a1 + am

a1 + a2 2a2 . . . a2 + am

...
...

...
a1 + am a2 + am . . . 2am

⎞⎟⎟⎟⎠
the degree matrix of A. We may assume, without loss of generality, that a1 ≤
a2 ≤ · · · ≤ am. The determinant of A is a homogeneous polynomial of degree
� := 2(a1+a2 + · · ·+am). Moreover, the degree matrix U is completely determined
by a1, a2, . . . , am and the graded Betti numbers in the minimal free R-resolution of
R/Im−1(A) depend only upon the integers a1, a2, . . . , am as we will describe now.
To this end, we recall Józefiak’s result about the resolution of ideals generated by
submaximal minors of a symmetric matrix.

Let S be a commutative ring with identity and let X = (xij) be an m × m
symmetric matrix with entries in S. Write Y = (yij) for the matrix of cofactors of
X , i.e., yij = (−1)i+1X i

j where X i
j stands for the minor of X obtained by deleting

the ith column and the jth row of X . The matrix Y is also a symmetric matrix.
Let Mm(S) be the free S-module of all m × m matrices over S and let Am(S) be
the free S-submodule of Mm(S) consisting of all alternating matrices. Denote by
tr : Mm(S) −→ S the trace map. In [53, Theorem 3.1], T. Józefiak proved that
the free complex of length 3 associated with X ,

0 −→ Am(S) d3−→Ker(Mm(S) tr−→S) d2−→Mm(S)/Am(S) d1−→S,

where the corresponding differentials are defined as follows:

d3(A) = AX ,
d2(N) = XN mod Am(S), and
d1(Mmod Am(S)) = tr(Y M),

is acyclic and gives a free resolution of S/It−1(X). So, we obtain the following
proposition.

Proposition 5.2.4. Let I ⊂ R = K[x1, . . . , xn] be a symmetric determinantal ideal
of codimension 3 generated by the submaximal minors of an m × m symmetric
matrix A. Let

U =

⎛⎜⎜⎜⎝
2a1 a1 + a2 . . . a1 + am

a1 + a2 2a2 . . . a2 + am

...
...

...
a1 + am a2 + am . . . 2am

⎞⎟⎟⎟⎠
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be the degree matrix and � := 2(a1 + a2 + · · · + am). Then, we have

(1) m1(I) = � − 2am and M1(I) = � − 2a1,

(2) m2(I) = � − am + a1 and M2(I) = � − a1 + am,

(3) m3(I) = � + a1 + a2 and M3(I) = � + at−1 + am, and

(4) β1(R/I) =
(
m+1

2

)
, β2(R/I) = m2 − 1, and β3(R/I) =

(
m
2

)
.

Proof. By [53, Theorem 3.1], I has a minimal free R-resolution of the following
type:

0 −→ ⊕1≤i<j≤mR(−ai − aj − �) −→ (⊕1≤i,j≤mR(−� − ai + aj))/R(−�)
−→ ⊕1≤i≤j≤mR(ai + am − �) −→ I −→ 0.

So, the maximum and minimum degree shifts at the ith step are given by

m1(I) = min
1≤i≤j≤m

{ai + am − �} = � − 2am,

M1(I) = max
1≤i≤j≤m

{ai + am − �} = � − 2a1;

m2(I) = min
1≤i,j≤m

{� + ai − aj))} = � − am + a1,

M2(I) = max
1≤i,j≤m

{� + ai − aj))}(I) = � − a1 + am;

m3(I) = min
1≤i<j≤m

{ai + aj + �} = � + a1 + a2,

M3(I) = max
1≤i<j≤m

{ai + aj + �} = � + am−1 + am.

Moreover, the i-the total Betti numbers are given by,

β1(R/I) =
(

m + 1
2

)
, β2(R/I) = m2 − 1 and β3(R/I) =

(
m

2

)
,

which proves what we want. �

We will now compute the multiplicity of a symmetric determinantal ideal in
terms of the corresponding degree matrix.

Lemma 5.2.5. Let I ⊂ R be symmetric determinantal ideal of codimension 3 gen-
erated by the submaximal minors of a homogeneous symmetric matrix A. Let

U =

⎛⎜⎜⎜⎝
2a1 a1 + a2 . . . a1 + am

a1 + a2 2a2 . . . a2 + am

...
...

...
a1 + am a2 + am . . . 2am

⎞⎟⎟⎟⎠
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be the degree matrix and � := 2(a1 + a2 + · · · + am). Then, we have,

e(R/I) =
�3 − 8

∑m
i=1 a3

i

6
.

Proof. By [53, Theorem 3.1], I has a minimal free R-resolution of the following
type:

0 −→ ⊕1≤i<j≤mR(−ai − aj − �) −→ (⊕1≤i,j≤mR(−� − ai + aj))/R(−�)
−→ ⊕1≤i≤j≤mR(ai + am − �) −→ I −→ 0.

To simplify the computation we denote it as

0 −→ ⊕r
i=1R(−γi) −→ ⊕s

j=1R(−βj) −→ ⊕p
k=1R(−αk)

−→ R −→ R/I −→ 0.
(5.4)

A straightforward computation, taking into account the precise values of αk, βj ,
and γi (αk = � − at − as, βj = at − as + � and γi = at + as + �), gives us

p + r = s + 1, (5.5)
p∑

k=1

αk +
r∑

i=1

γi =
s∑

j=1

βj , (5.6)

p∑
k=1

α2
k +

r∑
i=1

γ2
i =

s∑
j=1

β2
j . (5.7)

We will now prove that

e(R/I) =
1
6

⎛⎝ p∑
k=1

α3
k −

s∑
j=1

β3
j +

r∑
i=1

γ3
i

⎞⎠ . (5.8)

To this end, we may also assume that R/I is a 1-dimensional ring, and hence we
have

e(R/I) = dimK(R/I)v for v � 0.

Therefore, using the exact sequence (5.4) together with equalities (5.5)–(5.7), we
obtain

e(R/I) = dimK Rv −
p∑

k=1

dimK R(−αk)v

+
s∑

j=1

dimK R(−βj)v −
r∑

i=1

dimK R(−γi)v

=
(

v + 3
3

)
−

p∑
k=1

(
v − αk + 3

3

)
+

s∑
j=1

(
v − βj + 3

3

)
−

r∑
i=1

(
v − γi + 3

3

)
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=
v3 + 6v2 + 11v + 6

6
−

p∑
k=1

(v − αk)3 + 6(v − αk)2 + 11(v − αk) + 6
6

+
s∑

j=1

(v − βj)3 + 6(v − βj)2 + 11(v − βj) + 6
6

−
r∑

i=1

(v − γi)3 + 6(v − γi)2 + 11(v − γi) + 6
6

=
1
6

⎛⎝ p∑
k=1

α3
k −

s∑
j=1

β3
j +

r∑
i=1

γ3
i

⎞⎠ .

Finally, substituting αk, βj , and γi by their values given in (5.2), we obtain

e(R/I) =
1
6

⎛⎝ p∑
k=1

α3
k −

s∑
j=1

β3
j +

r∑
i=1

γ3
i

⎞⎠
=

1
6

⎛⎜⎝ ∑
1≤i≤j≤m

(� − ai − aj)3 −

⎛⎜⎝(m − 1)�3 +
∑

1≤i,j≤m
i�=j

(� + ai − aj)3

⎞⎟⎠
⎞⎟⎠

+
1
6

∑
1≤i<j≤m

(� + ai + aj)3

=
1
6
(�3 − 3�2(2a1 + 2a2 + · · · + 2am) − (8a3

1 + 8a3
2 + · · · + 8a3

m))

+
1
6

⎛⎝3�

⎛⎝4a2
1 + 4a2

2 + · · · + 4a2
m + 8

∑
1≤i<j≤m

aiaj

⎞⎠⎞⎠
=

1
6
(�3 − 3�2(�) + 3�(�2) − (8a3

1 + 8a3
2 + · · · + 8a3

m))

=
�3 − 8

∑m
i=1 a3

i

6
. �

We are now ready to prove that Herzog–Huneke–Srinivasan conjecture is
true for codimension 3, perfect ideals generated by the submaximal minors of a
homogeneous symmetric matrix (see [69]).

Theorem 5.2.6. Let I ⊂ R be a symmetric determinantal ideal of codimension 3
generated by the submaximal minors of an m×m homogeneous symmetric matrix.
Then the following lower and upper bounds hold:

(1) e(R/I) ≥ m1m2m3/6, and
(2) e(R/I) ≤ M1M2M3/6.

Moreover, the bounds are reached if and only if R/I has a pure resolution.
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Proof. (1) Since e(R/I) = �3−8
∑m

i=1 a3
i

6 (Lemma 5.2.5), we only need to see that
m1(I)m2(I)m3(I) ≤ �3−8

∑m
i=1 a3

i . Using the hypothesis a1 ≤ a2 ≤ · · · ≤ am and
applying Proposition 5.2.4, we get

m1(I)m2(I)m3(I) = (� − 2am)(� − am + a1)(� + a1 + a2)
≤ (� − 2am)�(� + 2am)

= (�2 − 4a2
m)� = �3 − 4a2

m�

= �3 − 4a2
m(2a1 + 2a2 + · · · + 2am)

= �3 − 8a1a
2
m − 8a2a

2
m − · · · − 8am−1a

2
m − 8a3

m

≤ �3 − 8a3
1 − 8a3

2 − · · · − 8a3
m,

which proves (1).

(2) Let us now check that M1(I)M2(I)M3(I) ≥ �3 − 8
∑m

i=1 a3
i . Using again

the hypothesis a1 ≤ a2 · · · ≤ am and applying Proposition 5.2.4, we get

M1(I)M2(I)M3(I) = (� − 2a1)(� − a1 + am)(� + am−1 + am)
≥ (� − 2a1)�(� + 2a1)

= (�2 − 4a2
1)� = �3 − 4a2

1�

= �3 − 4a2
1(2a1 + 2a2 + · · · + 2am)

= �3 − 8a3
1 − 8a2a

2
1 − · · · − 8am−1a

2
1 − 8ata

2
1

≥ �3 − 8a3
1 − 8a3

2 − · · · − 8a3
m,

which proves (2).
Moreover, we observe that the inequalities are equalities if and only if a1 =

a2 = · · · = am if and only if R/I has a pure resolution. �

In the next example we illustrate that the bounds given in Theorem 5.2.6 are
optimal.

Example 5.2.7. Let I ⊂ R be a codimension 3 symmetric determinantal ideal
generated by the submaximal minors of an m×m homogeneous symmetric matrix
whose all entries are homogeneous polynomials of fixed degree 1 ≤ d ∈ Z. I has a
minimal graded free R-resolution of the following type:

0 −→ S(−d(m + 1))(
m
2 ) −→ S(−dm)m2−1

−→ S(−d(m − 1))(
m+1

2 ) −→ S −→ S/I −→ 0.

Thus, we have
m1(I) = M1(I) = (m − 1)d,

m2(I) = M2(I) = md,

m3(I) = M3(I) = (m + 1)d.



5.2. The multiplicity conjecture for determinantal ideals 117

Therefore, we conclude that

e(S/I) =
∏3

i=1 mi(I)
3!

=
∏3

i=1 Mi(I)
3!

=
d3m(m2 − 1)

6
.

To end this section, we will bound the ith total Betti number of codimension 3
perfect ideals generated by the submaximal minors of a homogeneous symmetric
matrix in terms of the shifts in its minimal free R-resolution.

Remark 5.2.8. Let I ⊂ R be a perfect ideal of codimension 3 generated by the
submaximal minors of a homogeneous symmetric matrix. It is worthwhile to point
out that the ith total Betti number βi(R/I) in the minimal free R-resolution of
R/I depend only upon the size t × t of the homogeneous symmetric matrix A
associated with I.

Theorem 5.2.9. Let I ⊂ R be a perfect ideal of codimension 3 generated by the
submaximal minors of a t × t homogeneous symmetric matrix. Then, we have

∏
1≤j<i

mj

Mi − mj

∏
i<j≤3

mj

Mj − mi
≤ βi(R/I) ≤ 1

(i − 1)! · (c − i)!

∏
j 	=i

Mj (5.9)

for 1 ≤ i ≤ 3. In addition, the bounds are reached for all i if and only if R/I has
a pure resolution if and only if a1 = · · · = at.

Proof. We will first prove the result for J , where J ⊂ R is a codimension 3 perfect
ideal generated by the submaximal minors of a t×t homogeneous symmetric matrix
A with linear entries. In this case, for all 1 ≤ i ≤ 3, we have (see Proposition 5.2.4)

mi(J) = Mi(J) = t + i − 2,

β1(R/J) =
(

t + 1
2

)
, β2(R/J) = t2 − 1, β3(R/J) =

(
t

2

)
.

Therefore, R/J has a pure resolution and it follows from [45] and [51] that

∏
1≤j<i

mj(J)
Mi(J) − mj(J)

∏
i<j≤3

mj(J)
Mj(J) − mi(J)

=
∏

1≤j<i

t + j − 2
i − j

∏
i<j≤3

t + j − 2
j − i

= βi(R/J)

=
∏

1≤j<i

t + j − 2
i − j

∏
i<j≤3

t + j − 2
j − i
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=
∏

1≤j<i

Mj(J)
mi(J) − Mj(J)

∏
i<j≤3

Mj(J)
mj(J) − Mi(J)

=
1

(i − 1)! · (3 − i)!

∏
j 	=i

Mj(J).

We will now prove the general case. Let I be a perfect ideal of codimension 3
generated by the submaximal minors of a t × t homogeneous symmetric matrix,
let

U =

⎛⎜⎜⎜⎝
2a1 a1 + a2 . . . a1 + at

a1 + a2 2a2 . . . a2 + at

...
...

...
a1 + at a2 + at . . . 2at

⎞⎟⎟⎟⎠
be its degree matrix and � := 2(a1 +a2 + · · ·+at). Since, for all 1 ≤ i ≤ 3, we have

Mi(I) ≥ mi(I) ≥ t + i − 2 = mi(J) = Mi(J),

it follows from Proposition 5.2.4(3) and Remark 5.2.8 that

βi(R/I) = βi(R/J)

=
∏

1≤j<i

t + j − 2
i − j

∏
i<j≤3

t + j − 2
j − i

=
1

(i − 1)! · (3 − i)!

∏
j 	=i

Mj(J)

≤ 1
(i − 1)! · (3 − i)!

∏
j 	=i

Mj(I),

and this completes the proof of the upper bound.
Let us now prove the lower bound. Using again Proposition 5.2.4 and Remark

5.2.8, we have

m1

M3 − m1
· m2

M3 − m2
=

� − 2at

3at + at−1
· � − at + a1

at−1 + 2at − a1

≤ � − 2at

4at−1
· � − at + a1

2at

≤ 2(t − 1)at−1

4at−1
· 2tat

2at

=
(t − 1)t

2
= β3(R/J) = β3(R/I).



5.3 Families of determinantal and symmetric determinantal ideals 119

Analogously, we obtain

m1

M2 − m1
· m3

M3 − m2
≤ (t − 1)(t + 1) = β2(R/J) = β2(R/I)

and
m2

M2 − m1
· m3

M3 − m1
≤ t(t + 1)

2
= β1(R/J) = β1(R/I),

and this completes the proof of the lower bound. It is easy to see that the inequality
is an equality for all i if and only if a1 = a2 · · · = at if and only if R/I has a pure
resolution. �

We would like to end this section with a nice conjecture which naturally arise
in this context. Indeed, Theorems 3.2.9 and 5.2.9 together with the main results
in [71] and [78] suggest – and prove in many cases – the following conjecture.

Conjecture 5.2.10. Let I ⊂ R be a perfect ideal of codimension c. Then, we have∏
1≤j<i

mj

Mi − mj

∏
i<j≤c

mj

Mj − mi
≤ βi(R/I) ≤ 1

(i − 1)! · (c − i)!

∏
j 	=i

Mj (5.10)

for 1 ≤ i ≤ c. In addition, the bounds are reached for all i if and only if R/I has
a pure resolution.

5.3 Unobstructedness and dimension of families of

determinantal and symmetric determinantal ideals

The goal of this section is to write down a lower bound for the dimension of
Hilbp(x)(Pn) at [X ], where X ⊂Pn is a codimension 3, ACM scheme defined by
the submaximal minors of an m × m homogeneous symmetric matrix. We will
also analyze when the mentioned bound is sharp. A classical scheme that can be
constructed in this way is the Veronese surface X ⊂ P5. Indeed, the Veronese
surface X ⊂ P5 can be defined by the 2×2 minors of the homogeneous symmetric
matrix (see Example 5.1.6) ⎛⎝x0 x1 x2

x1 x3 x4

x2 x4 x5

⎞⎠ .

We keep the notation introduced in Sections 5.1 and 5.2. So, X ⊂ Pn will be
a codimension 3, ACM scheme defined by the submaximal minors of an m × m
homogeneous symmetric matrix A = (fji)i,j=1,...,m, where fji ∈ K[x0, . . . , xn]
are homogeneous polynomials of degree ai + aj , and let A = R/I(X) be the
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homogeneous coordinate ring of X . We denote by

U =

⎛⎜⎜⎜⎝
2a1 a1 + a2 . . . a1 + am

a1 + a2 2a2 . . . a2 + am

...
...

...
a1 + am a2 + am . . . 2am

⎞⎟⎟⎟⎠
the degree matrix of A and we set � := 2(a1 + a2 + · · · + am). Let N be the
matrix obtained by deleting the last row, let IB = Im−1(N ) be the ideal defined
by the maximal minors of N , and let IA = Im−1(A) be the ideal generated by the
submaximal minors of A. Set A = R/IA = R/I(X) and B = R/IB. By Remark
5.1.7, after a basis change that preserves the symmetry of A, if necessary, we have
codimR B = 2.

To use deformation theory related to the flag of surjections

R −→ B −→ A ∼= B/IA/B ,

it is necessary to compute the groups

0 Ext1B(IB/I2
B, IA/B) (or 0 Ext1R(IB , IA/B));

0 Ext1A(IA/B/I2
A/B, A) (or 0 Ext1B(IA/B , A)).

Lemma 5.3.1. With the above notation and assumptions,

codimR A = 3 and codimR B = 2,

suppose, in addition, a1 ≤ a2 ≤ · · · ≤ am. Then

0 Ext1B(IB/I2
B, S2KB)(2n + 2 + p) = 0 Ext1R(IB , (S2KB)(2n + 2 + p)) = 0

provided am > 3am−1 and

0 HomR(IB , S2KB)(2n + 2 + p) = 0

provided am > 2am−1 − a1.

Proof. We apply the functor 0 HomR(−, (S2KB)(2n+2+p)) to the exact sequence
(5.1) and we use the exact sequence (5.3) to deduce that 0 Ext1R(IB , S2KB)(2n +
2 + p) = 0 provided we can show that

p Hom(⊕m−1
i=1 R(−ai + am − �),⊕1≤i≤j≤m−1R(ai + aj − 2am + 2�)) = 0;

i.e., provided R(ai +aj +ak −3am +3�)p = 0 for all i, j, k ≤ m−1 or, equivalently,
am > 3am−1.

To see the vanishing of the 0 Hom-group, it suffices to show that

p Hom(⊕m
i=1R(ai + am − �),⊕1≤i≤j≤m−1R(ai + aj − 2am + 2�)) = 0,

and this last 0 Hom-group vanishes provided 2am−1 − a1 − am > 0. �
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Given rational numbers a1, . . . , am such that ai + aj ∈ Z for all i, j, we
denote by S(a) = S(a1, . . . , am) the irreducible family of codimension 3 symmetric
determinantal subschemes X ⊂ Pn defined by the submaximal minors of an m×m
homogeneous symmetric matrix A = (fji)i,j=1,...,m, where fji ∈ K[x0, . . . , xn] is
a homogeneous polynomial of degree aj + ai. Our next goal is to determine a
lower bound for the dimension of the irreducible component S(a) of Hilbp(t)(Pn)
containing S(a). To this end, set

a := 0 homB(IB/I2
B , IA/B) − 0 ext1B(IB/I2

B, IA/B) + 0 ext2B(IB/I2
B, IA/B),

b := 0 homB(IA/B , B) − 0 ext1B(IA/B , B),

e := 0 ext2B(IA/B , IA/B).

Proposition 5.3.2. Set hi
A := dim0 Hi(R, A, A). If codimR B = 2, then

b − 1 − e + dim(NB)0 − a ≤ h1
A − h2

A ≤ dim[X] Hilbp(t)(Pn).

Proof. We consider the diagram
0
↓

0 Hom(IB , IA/B)
↓

H0(ÑB)
↓

0 Hom(IA/B , A) ↪→ 0H1 → 0 HomR(IB , A) → 0H2(B, A, A) → 0H2 ψ→ 0H2(R, B, A) → C → 0
↓ ‖

0 Ext1(IB/I2
B , IA/B) 0 Ext1(IB/I2

B , A)
↓ ‖
0 0 Ext2(IB/I2

B , IA/B)

where Hi = Hi(R, A, A) and C = coker(ψ). Note that

0 Exti(IB/I2
B, B) ∼= 0 Exti(IB/I2

B ⊗ KB, KB) = 0 for i ≤ 2

because B is licci, K̃B|U is locally free, and depthI(Z) B ≥ 2. Therefore, it suffices
to show that

0 homB(IA/B , A) − 0h
2(B, A, A) + dimC ≥ b − 1 − e.

Since one knows that 0H
2(B, A, A) ↪→ 0 Ext1B(IA/B , A), it is enough to see that

0 homB(IA/B , A) − 0 ext1B(IA/B , A) ≥ b − 1 − e.

To this end, we apply 0 HomB(IA/B ,−) to the exact sequence

0 −→ IA/B −→ B −→ A −→ 0,

and we get

0 HomB(IA/B , IA/B) −→ 0 HomB(IA/B , B) −→ 0 HomB(IA/B , A)

−→ 0 Ext1B(IA/B , IA/B) −→ 0 Ext1B(IA/B , B).
(5.11)

Claim. 0 homB(IA/B , IA/B) = 1 and 0 Ext1B(IA/B , IA/B) = 0.
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Proof of the claim. Since, by Proposition 5.1.10, IA/B = S2KB(2n + 2 + p), IA/B

is a maximal Cohen–Macaulay module and we have depthI(Z) IA/B ≥ 3 provided
we assume depthI(Z) B = 3. Hence,

Ext1(IA/B , IA/B) ∼= Ext1OU
(ĨA/B , ĨA/B)

∼= H1
∗ (U,Hom(ĨA/B , ĨA/B))

∼= H1
∗ (U, B̃) ∼= H2

I(Z)(B) = 0

and
0 Hom(IA/B, IA/B) ∼= H0

∗ (U, B̃)0 ∼= B0
∼= K,

which proves the claim. �

From the exact sequence (5.11), we get

0 homB(IA/B , A) − 0 ext1B(IA/B , A)

= 0 homB(IA/B , B) − 1 − 0 ext1B(IA/B , B) − r = b − 1 − r,

where
r = ker(0 Ext2B(IA/B , IA/B) −→ 0 Ext2B(IA/B , IB)) ≤ e,

and we are done. �

To simplify the description of the formula in the lemma below, we define

s2(ν) := dim(S2KB(2n + 2 + p))ν ;

s3(ν) := dim(S3KB(2n + 2 + p))ν

and we denote the exact sequence (5.1) by

0 −→ ⊕m−1
i=1 R(−n2,i) −→ ⊕m

i=1R(−n1,i) −→ IB −→ 0. (5.12)

We have the following lemma.

Lemma 5.3.3. If codimR B = 2 and depthI(Z) B ≥ 3, then

a =
m∑

i=1

s2(n1,i) −
m−1∑
i=1

s2(n2,i) + s3(n + 1).

Proof. The exact sequence (5.12) leads to

0 −→ H1 −→ ⊕m
i=1B(−n1,i) −→ IB/I2

B −→ 0, (5.13)

where H1 is the Koszul homology. Since IB/I2
B has rank 2, H1 has rank 1 and the

exact sequence (5.13) becomes

0 −→ KB

(
n + 1 −

m∑
i=1

n1,i

)
−→ ⊕t

i=1B(−n1,i) −→ IB/I2
B −→ 0. (5.14)
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Indeed, let U = Proj(B) − Z be a set where B is a local complete intersection. It

is well known that ∧2(ĨB/I2
B)∗|U ∼= K̃B(n + 1), and hence by (5.13) that

H̃1|U ∼= ∧(⊕m
i=1B̃(−n1,i)) ⊗ ∧2(ĨB/I2

B)∗|U ∼= K̃B

(
n + 1 −

m∑
i=1

n1,i

)
|U

.

Therefore, we have

H1
∼= H0

∗ (U, H̃1) ∼= H0
∗

(
U, K̃B

(
n + 1 −

m∑
i=1

n1,i

))

∼= KB

(
n + 1 −

m∑
i=1

n1,i

)
.

Moreover, there is an exact sequence (see [59, Lemma 4.9])

0 −→ K∗
B −→ ⊕m−1

i=1 B(−ai + am − �) = ⊕m−1
i=1 B(−n2,i) −→ H1 −→ 0. (5.15)

Applying HomB(−, S2KB(2n + 2 + p)) to the exact sequence (5.13) we get

0 −→ 0 HomB(IB/I2
B, S2KB(2n + 2 + p)) −→ ⊕m

i=1S
2KB(2n + 2 + p + n1,i)

−→ 0 HomB(H1, S
2KB(2n + 2 + p)) −→ 0 Ext1B(IB/I2

B , S2KB(2n + 2 + p))
−→ 0

and

0 Ext1B(H1, S
2KB(2n + 2 + p)) ∼= 0 Ext2B(IB/I2

B , S2KB(2n + 2 + p)).

Using the exact sequence (5.15), we obtain

0 −→ 0 HomB(H1, S
2KB(2n + 2 + p)) −→ ⊕m−1

i=1 S2KB(2n + 2 + p + n2,i)

−→ 0 HomB(K∗
B(−n − 1), S2KB(2n + 2 + p)) ∼= S3KB(3n + 3 + p)

−→ 0 Ext1B(H1, S
2KB(2n + 2 + p)) −→ 0.

Hence, we deduce that

a = 0 homB(IB/I2
B, IA/B) − 0 ext1B(IB/I2

B, IA/B) + 0 ext2B(IB/I2
B , IA/B)

=
m∑

i=1

s2(n1,i) −
m−1∑
i=1

s2(n2,i) + s3(n + 1),

which proves what we want. �
Lemma 5.3.4. If codimR B = 2 and depthI(Z) B ≥ 3, then

b = 0 homB(S3KB(2n + 2 + p), KB) − 0 ext1B(S3KB(2n + 2 + p), KB).
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Proof. Since depthI(Z) B ≥ 3 and depthI(Z) KB ≥ 3, we have

Ext1B(S3KB(2n + 2 + p), B) ∼= Ext1OU
(S̃2KB(2n + 2 + p), B̃)

∼= H1
∗ (U,Hom(S̃2KB(2n + 2 + p), B̃))

∼= H1
∗ (U,Hom(S̃3KB(2n + 2 + p), K̃B))

∼= Ext1B(S3KB(2n + 2 + p), B). �

We are now ready to write down bounds for dim[X] Hilbp(t)(Pn) in terms
of a1, . . . , am and e := 0 ext2B(IA/B , IA/B) (resp., a0 := 0 homB(IB/I2

B, IA/B)).
Note that, by Lemma 5.3.1, a0 (resp., a) vanishes if am > 2am−1 − a1 (resp.,
am > 3am−1).

Theorem 5.3.5. Let X ⊂ Pn be a codimension 3, symmetric determinantal scheme
defined by the submaximal minors of an m × m homogeneous symmetric matrix
A = (fji)i,j=1,...,m, where fji ∈ K[x0, . . . , xn] is a homogeneous polynomial of
degree aj + ai. Let B be the matrix obtained by deleting the last row, let Y =
Proj(B) ⊂ Pn be the codimension 2, ACM scheme defined by the maximal minors
of B, and suppose U = Y − Z ↪→ Pn is a local complete intersection for some
closed subset Z such that depthI(Z) B ≥ 3. Then,

dim[X] Hilbp(t)(Pn)

≥
∑

1≤i≤j≤k≤m−1

(
am − ai − aj − ak + n

n

)

−
∑

1≤i≤m
1≤j≤k≤m−1

(
am + ai − ak − aj + n

n

)
+

∑
1≤i<j≤m
1≤k≤m−1

(
am + aj + ai − ak + n

n

)

−
∑

1≤i<j<k≤m

(
am + aj + ai + ak + n

n

)
+

∑
1≤i≤m

1≤j≤m−1

(
ai + aj + n

n

)

−
∑

1≤i≤j≤m−1

(
aj − ai + n

n

)
− e −

∑
1≤i≤j≤k≤m−1

(
ai + aj + ak − am + n

n

)

+
∑

1≤k,j≤m
1≤i≤m−1

(
ai − aj − ak − am + n

n

)
+

∑
1≤k≤m−1

1≤i≤j≤m−1

(
ai + aj + ak − am + n

n

)

−
∑

1≤i,j≤m

(
ai − aj + n

n

)
−

∑
1≤k,i≤m−1

1≤j≤m

(
ai − aj + ak − am + n

n

)
.

Moreover, if Char(K) �= 2, then

dim[X] Hilbp(t)(Pn) ≥ b − 1 + dim(NB)0 − a0.
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Proof. By Proposition 5.3.2, b − 1 − e + dim(NB)0 − a ≤ dim[X] Hilbp(t) Pn. So,
we only need to compute b, a, and dim(NB)0 in terms of a1, . . . , am. To this end,
we consider the exact sequence

0 −→ R −→ ⊕m
i=1R(−ai − am + �)

N−→ ⊕m−1
i=1 R(ai − am + �) −→ KB(n + 1)

−→ 0.

By [22, Theorem A2.10], S2KB and S3KB have a minimal free R-resolution of the
following type:

0 −→ ⊕1≤i<j≤mR(−� − ai − aj) −→ ⊕ 1≤i≤m−1
1≤j≤m

R(−� + ai − aj)

N−→ ⊕1≤i<j≤mR(−� + ai + aj) −→ S2KB(2n + 2 + p) −→ 0,
(5.16)

0 −→ ⊕1≤i<j<k≤mR(3� − 3am − ai − aj − ak)
−→ ⊕ 1≤k≤m−1

1≤i<j≤m
R(3� − 3am − ai − aj + ak)

−→ ⊕ 1≤j≤k≤m−1
1≤i≤m

R(3� − 3am − ai + aj + ak)

−→ ⊕1≤i≤j≤k≤m−1R(3� − 3am + ai + aj + ak)

−→ S3KB(3n + 3) −→ 0.

(5.17)

So, using Lemma 5.3.3 and the exact sequences (5.16) and (5.17), we get

a =
m∑

i=1

s2(n1,i) −
m−1∑
i=1

s2(n2,i) + s3(n + 1) (5.18)

=
∑

1≤i≤j≤k≤m−1

(
ai + aj + ak − am + n

n

)
+

∑
1≤k,i≤m−1

1≤j≤m

(
ai − aj + ak − at + n

n

)

−
∑

1≤k,j≤m
1≤i≤m−1

(
ai − aj − ak − am + n

n

)
−

∑
1≤k≤m−1

1≤i≤j≤m−1

(
ai + aj + ak − am + n

n

)
.

One knows by [25] that

dim(NB)0 =
∑

1≤i≤m
1≤j≤m−1

(
ai + aj + n

n

)
−

∑
1≤i,j≤m

(
ai − aj + n

n

)

−
∑

1≤i≤j≤m−1

(
aj − ai + n

n

)
+ 1. (5.19)
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Finally, using Proposition 5.1.10 and Lemma 5.3.4 and applying the con-
travariant functor 0 Hom(−, R(−n − 1)) to the exact sequence (5.17), we obtain

b = 0 homB(IA/B, B) −0 ext1B(IA/B , B) (5.20)

= 0 ext2R(S3KB(2s + p), R(−n − 1)) − 0 ext3R(S3KB(2s + p), R(−n − 1))

=
∑

1≤i≤j≤k≤m−1

(
am − ai − aj − ak + n

n

)
−

∑
1≤i≤m

1≤j≤k≤m−1

(
am + ai − ak − aj + n

n

)

+
∑

1≤i<j≤m
1≤k≤m−1

(
am + aj + ai − ak + n

n

)
−

∑
1≤i<j<k≤m

(
am + aj + ai + ak + n

n

)
.

Putting (5.18), (5.19) and (5.18) together, we get the first lower bound.
For the second lower bound, see [60, Theorem 4.6]. �

We are led to pose the following question.

Question 5.3.6. Under which extra hypothesis the bounds given in Theorem 5.3.5
are sharp?

We will now give some examples.

Example 5.3.7. Set R = K[x0, x1, . . . , x5]. Let X ⊂ P5 = Proj(R) be the Veronese
surface defined by the 2 × 2 minors of the homogeneous symmetric matrix

A =

⎛⎝x0 x1 x2

x1 x3 x4

x2 x4 x5

⎞⎠ .

Let IA be the ideal generated by the 2 × 2 minors of A and let IB be the ideal
generated by the 2 × 2 minors of

N =
(

x0 x1 x2

x1 x3 x4

)
.

Set A = R/IA and B = R/IB. It is well known that dim[X] Hilbp(t)(P5) = 27.
If we apply Theorem 5.3.5, we obtain dim[X] Hilbp(t)(P5) ≥ 29 − e where e =
0 ext2B(IA/B , IA/B). Using Macaulay2 program [34], we have computed the dimen-
sion of 0 Ext2B(IA/B , IA/B) and we have got e = 2. Thus, dim[X] Hilbp(t)(P5) ≥ 27
and hence the first bound given in Theorem 5.3.5 is sharp.

Example 5.3.8. Set R = K[x0, x1, . . . , x5]. Let X ⊂ P5 = Proj(R) be the surface
defined by the 3 × 3 minors of the homogeneous symmetric matrix

A =

⎛⎜⎜⎝
x0 x1 x2 L1

x1 x3 x4 L2

x2 x4 x5 L3

L1 L2 L3 L4

⎞⎟⎟⎠ ,
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where Li are general linear forms. Let IA be the ideal generated by the 3 × 3
minors of A and let IB be the ideal generated by the 3 × 3 minors of

B =

⎛⎝x0 x1 x2 L1

x1 x3 x4 L2

x2 x4 x5 L3

⎞⎠ .

Set A = R/IA and set B = R/IB.
If we apply Theorem 5.3.5, we obtain dim[X] Hilbp(t)(P5) ≥ 59− e where e =

0 ext2B(IA/B , IA/B). Using the Macaulay program [6], we have computed the dimen-
sion of 0 Ext2B(IA/B , IA/B) and we have got e = 14. Thus, dim[X] Hilbp(t)(P5) ≥ 45.
Using again the Macaulay program, we have computed h0(NX) and we have got
h0(NX) = 45. Hence, the first bound given in Theorem 5.3.5 is sharp.

The results proved in this last section give rise to a number of quite interesting
questions and possible generalizations that we gather in this part of the work. In
fact, Examples 5.3.7 and 5.3.8 suggest – and prove for t ≤ 4 – the following
question.

Question 5.3.9. Let A = (fji)i,j=1,...,m be an m × m homogeneous symmetric
matrix, where fji ∈ K[x0, x1, . . . , xn] are general linear forms. Let X ⊂ Pn be
a codimension 3, symmetric determinantal subscheme defined by the submaximal
minors of A. Is it true that

dim[X] Hilbp(t)(Pn) = (n + 1)m[(m − 1)2 + (m − 1)]

− m2 − (m − 1)(m2 − 1) − m

(
m

2

)
−
(

n + 2
2

)(
m

3

)
− (n + 1)

(
m + 1

3

)
− e ?

More generally, we would like to know if under certain numerical conditions
on a1, . . . , am the bounds given in Theorem 5.3.5 are sharp. So, we are led to pose
the following problem.

Problem 5.3.10. Find numerical conditions on the rational numbers a1, . . . , am

which allow us to assure that the bounds given in Theorem 5.3.5 are sharp.

As above, we denote by S(a1, . . . , am) the irreducible family of codimension 3,
symmetric determinantal subschemes X ⊂ Pn defined by the submaximal minors
of an m × m homogeneous symmetric matrix A = (fji)i,j=1,...,m, where fji ∈
K[x0, x1, . . . , xn] are homogeneous polynomials of degree ai + aj ∈ Z+. Let B
be the matrix obtained by deleting the last row of A and let Y ⊂ Pn be the
codimension 2, ACM scheme defined by the maximal minors of B. Denote by S(B)
the part of Hilbp(t)(Pn) consisting of those Y ′ obtained by deforming B as a matrix
with symmetric “left” (m − 1) × (m − 1) matrix.
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Problem 5.3.11. Find an explicit formula for

dim[X] S(a1, . . . , am) and dim[Y ] S(B).

Problem 5.3.12. Is dim[X] Hilbp(t)(Pn) = dim[X] S(a1, . . . , am)?

The computations we have made, using Macaulay 2 [34], suggest the following
conjecture.

Conjecture 5.3.13. If m = 3 and 2ai = p for all i, then

dim[X] Hilbp(t)(Pn) = dim[X] S(a1, . . . , am) = h0(NX) = 6
(

p + n

n

)
− 9.

We have checked that the conjecture is true for n = 5 and 1 ≤ p ≤ 10.
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Józefiak’s resolution, 109
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